Valuations, deformations, and toric geometry

Bernard Teissier

To David Rees, on the occasion of his eightieth Birthday, and Pierre Samuel, on the occasion of his seventy-seventh Birthday

Summary

Given a nœtherian local integral domain R and a valuation ν of its field of fractions which is non negative on R, I study a geometric specialization of R to the graded ring gr_ν R determined by the valuation. I show that if the residue field of R is algebraically closed, for 0-dimensional valuations this graded ring corresponds to an essentially toric variety, possibly of infinite embedding dimension, and consider some possible applications of this fact to local uniformization by deformation of a resolution of singularities of the toric variety.

This leads to the study of the ν-adic completion of a nœtherian local domain and of the structure and regularity of certain semigroup algebras and graded algebras associated to valuations. A result on the structure of ν-adically complete equicharacteristic nœtherian local rings and some phenomena of algebraic geometry in finite Krull dimension but countable embedding dimension play an important role.

Contents

1 Introduction 2

2 Valuative sorites 6 2.1 The valuation algebra . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 The valuation μ_A . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 The specialization to the graded algebra . . . . . . . . . . . . . . . 9 2.4 The valuation ν_A . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Valuation algebras and composition of valuations 15 3.1 The composition of valuations . . . . . . . . . . . . . . . . . . . . . 15 3.2 The valuation ν̃_A . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.3 The valuation algebra of the residual valuation . . . . . . . . . . . 22 1

3.4 Comparison of graded algebras for composed valuations . . . . . . 22 3.5 Comparison of residual valuations . . . . . . . . . . . . . . . . . . . 24 3.6 Specialization of valuations and rational valuations . . . . . . . . . 24 3.7 Monomial valuations . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4 The graded algebras of valuation rings 26 4.1 gr_ν R_ν as a limit of polynomial algebras . . . . . . . . . . . . . . . 26 4.2 A selection of examples . . . . . . . . . . . . . . . . . . . . . . . . 32

5 Completion problems 37 5.1 The ν-adic completion of R . . . . . . . . . . . . . . . . . . . . . . 37 5.2 The ν_A-adic completion of A_ν(R) . . . . . . . . . . . . . . . . . . . 45 5.3 The specialization of R̂^ν to ^gr_ν R . . . . . . . . . . . . . . . . . . . 48 5.4 An example: complex plane branches . . . . . . . . . . . . . . . . . 54

6 Toric modifications 56 6.1 The graded algebra of a rational valuation is essentially toric . . . 56 6.2 An example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 6.3 Embedded toric resolution of orbit closures and binomial ideals in finite dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 6.4 An example: branches revisited . . . . . . . . . . . . . . . . . . . . 65 6.5 Another example, in dimension three . . . . . . . . . . . . . . . . . 66

7 The proof (speculative sketch) 67 7.1 The approximation process . . . . . . . . . . . . . . . . . . . . . . 68 7.2 Computations in the semigroup and transforms of R̂^ν . . . . . . . 70

1 Introduction

This text is an attempt to clarify the problems which one meets when trying to prove local uniformization of a valuation at a singular point of an algebraic or analytic variety along the lines of what is done in [G-T] for plane branches, by re-embedding the singularity in such a way that the valuation can be uniformized (in an embedded manner) by a single toric modification of the ambient space. The reader is assumed to be aware of the basics of valuation theory contained in [V], of the theory of toric varieties found in [Cox] and of the results of [G-T].

Given the local ring R of an algebraic variety, and assuming that it is an integral domain with fraction field K, a valuation of R is a valuation ν of K which is non-negative on R. It is also the datum of a valuation ring R_ν of K containing R. The problem of local uniformization is to find a regular local R-algebra R^′, essentially of finite type over R and contained in R_ν. Moreover we wish R^′ to be obtained by localizing an affine chart of a proper algebraic map Z → SpecR which is described as precisely as possible, for example as a composition of blowing ups with non singular centers or as a proper and birational toric map with respect to some system of generators of the maximal ideal of R.

In agreement with the spirit that Herwig Hauser wished to give to the Working Week, this text is somewhat programmatic, even speculative, in nature since there are several statements which may not be in their final form, and some proofs are only sketched. The corresponding propositions are between asterisks.

In higher dimension, the first serious difficulty is that the graded ring gr_ν R associated to the filtration of R determined by the valuation ν is not nœtherian in general; its structure depends on the semigroup of the values which the valuation takes on the ring, which is not always finitely generated.

The good news is that for rational valuations, that is for valuations of a local ring R such that the inclusion R ⊂ R_ν in the ring R_ν of the valuation induces a trivial residue field extension, the space Specgr_ν R is, up to a very simple deformation, a toric variety, of finite Krull dimension but possibly of infinite embedding dimension (see Proposition 6.2); it is this toric variety which generalizes the monomial curve of [G-T]. The valuation ν induces a natural valuation ν_{gr} on gr_ν R, and the uniformization of ν_{gr} is a combinatorial problem (see §6).

The basic idea is to obtain the uniformisation of a valuation of an excellent integral local ring R as a deformation (the opposite of the specialization above, after suitable completions which have to be exorcized) of a toric uniformization of the valuation ν_{gr} of the graded ring gr_νR. In the case where the residue field of R is algebraically closed, this uniformization of ν_{gr} should contain all the combinatorics associated to the uniformization of ν. Moreover, it is blind to the characteristic.

In the case of plane branches studied in [G-T], we chose to abandon the simplicity of embedding dimension two in exchange for the simplicity of dealing only with a monomial curve in affine (g + 1)-space, where g + 1 is the number of generators of the semigroup of the branch (in characteristic zero, g is the number of its Puiseux exponents), because the resolution of singularities of the monomial curve is a purely combinatorial problem. Here I have to accept an infinite embedding dimension because the semigroup of values of our valuation on R is not of finite type in general.

In order to relate the uniformizations of ν and ν_{gr}, the main tool is the valuation algebra associated to a valuation ν of a domain R; its spectrum is the total space of a (faithfully flat) specialization of the ring R to gr_ν R.

Because it is in the nature of generators of the graded algebra to lift to elements of R which are in some sense “coordinates”, the new embedding mentioned at the beginning should be described by elements of R whose initial forms in gr_ν R generate it as an algebra. However, these elements behave as coordinates adapted to the valuation only in the completion R̂^ν of R for the topology defined by the valuation, and this is a reason to work at first in R̂^ν ; we shall see an avatar of this reason below.

The cases of valuations which are not rational are essentially deformations of this case, as I show using the simple behavior of the valuation algebra under composition of valuations. The reason is that, if we assume that the residue field of R is algebraically closed, for any valuation ν_0 there are rational valuations ν composed with ν_0, of which ν_0 may be deemed to be a deformation.

In fact I have to consider suitably completed valuation algebras, and the key fact for this simple behavior even after completion (see 5.2) is that whenever a valuation ν of a nœtherian analytically irreducible local ring is composed with another valuation ν_1, the completions R̂^ν and R̂^{ν1} of R with respect to the topologies defined by ν and ν_1 are isomorphic. Using this one can prove by reduction to the case of a valuation of height one that these completions are quotients of the p-adic completion R̂^p of R, where p is the center in R of the valuation of height one with which ν is composed. This implies that they are nœtherian, and even henselian (Proposition 5.4), which is crucial (see below).

This work was initially partly motivated by the desire to understand from the viewpoint of [T1] the inspiring attempt of Spivakovsky in [S2] to prove local uniformization and resolution of singularities; because of this change in approach, substantial differences soon appeared, which were outlined in [G-T] for the case of plane branches. The viewpoint developped here is therefore different from that of [S2]. Spivakovsky generalizes to arbitrary valuations (or at least to those of height one) the construction which for plane branches describes resolution as a composite of plane toric maps, each of these being in turn a composition of blowing ups of points in the plane (see sections 7 and 8 of [G-T]). The graded algebra gr_νR also plays an important, although quite different, role (see the introduction and §7 of [G-T]). Many difficulties in this approach stem from the fact whose avatar for curves is that after each plane toric map one must choose again local coordinates in which the next toric map will be described. I allow from the start a change of embedding, even to infinite dimensions, such that in this new embedding, a single toric map (or its appropriate generalization to infinite dimension) will uniformize, and I do not seek, in the first phase, to construct a sequence of blowing-ups with non singular centers.

From a more analytical viewpoint, an important difference with Spivakovsky’s and Zariski’s approaches is that I do not start from a set of coordinates and equations and try to improve them, then follow them through a sequence of blowing-ups, but I produce directly from the ring of the singularity, given a valuation, a candidate for a “natural” embedding in a (possibly infinite-dimensional) space equipped with a natural class of coordinates (u_i)_{i∈I} , liftings of the generators of the graded algebra, and candidates for a “natural” set of equations, which are as simple as one might wish (deformations of binomials) and in particular are “nondegenerate” in the natural coordinates (see Propositions 5.14 and 5.15). A good part of the work is then to show that they truly are coordinates and equations in a useful sense with respect to the given valuation.

This involves completions; it was already apparent in the case of branches studied in [G-T], where R is a one-dimensional complex analytic integral algebra, that one should just effect on the “natural” coordinates the toric modifications which resolve gr_νR (no changes of coordinates!) and then one needs to apply the implicit function theorem only once, to prove that smoothness and transversality to the exceptional divisor of the strict transform by the toric modification are preserved when one deforms from gr_ν R to R. But apply it one must indeed, and so one must in the general case complete R with respect to the ν-adic topology in order to be able to apply the implicit function theorem or Hensel’s lemma.

Finally the nœtherian and henselian properties of the completion R̂^ν are used again to ensure that the lift to R̂^ν of finitely many steps of the (possibly infinite) combinatorial process of resolution of gr_ν R suffices to uniformize the extension ν̂ of ν to R̂^ν .

Here the main point is that all but finitely many of the equations defining SpecR̂^ν in the possibly infinite-dimensional affine space with coordinates (u_i)_{i∈I} serve only to express the coordinates u_i, i > N_0 in R̂^ν in terms of the finitely many coordinates (u_1, . . . , u_{N0} ) which suffice to generate its maximal ideal and, by their valuations, to rationally generate the value group. If there were also infinitely many equations not serving this purpose, they would indefinitely add singularities, and the method could not work. As it is, it suffices finally, in spite of the fact that gr_ν R may be of a smaller dimension than R̂^ν, that a toric process partially resolves Specgr_ν R to uniformize ν̂, because of the “abyssal” effect generated by this property of the equations (see the third example of subsection 4.2, subsection 6.5 and subsection 7.2).

defined in R provided that it is excellent. This last step uses the important observation, due (in another language) to Spivakovsky, that if R is excellent, SpecR̂^ν is not contained in the singular locus of SpecR̂^p (see Proposition 5.7).

Another difficulty which appears is the necessity to approximate in a useful way the (possibly infinite-dimensional) toric map which resolves our toric variety by finite-dimensional ones. This is possible thanks to the fact that for any valuation ring R_ν with residue field k_ν, the graded algebra gr_ν R_ν is the direct limit of a filtering (in fact a nested) system of maps between polynomial k_ν-subalgebras in a fixed number of variables, and this system can be described rather explicitly; for archimedian valuations, it is essentially described by Perron’s algorithm (see section 4).

Perron’s algorithm is not the only fact appearing in different guises here and in Zariski’s proof; the classification of the different valuations by height is another example. From the viewpoint exposed here this is due to the fact that Zariski computes in a deformation of the graded algebra which he follows through blowing-ups, while I first compute the “resolution” of the graded algebra and then deform it. This procedure may have other applications.

Yet another difference is that I must go directly to the “worst” valuations from the viewpoint of the value group, the rational ones, to take advantage of the toric nature of the corresponding graded algebra, while Zariski and Spivakovsky both begin by the case of height one (archimedian) valuations (see [Z1], top of page 858). That the center of gravity of the proof, as Zariski puts it, is the uniformization of rational valuations has the great advantage that it makes sense to assume that the residue field is algebraically closed, whereas in Zariski’s approach, in order to deal with valuations of height > 1, one localizes, and so one cannot make such an assumption. We may therefore, in this first phase, confine our attention to the case of an algebraically closed residue field. The rational valuations are also the only ones which appear naturally in the complex-analytic case.

I believe that this strategy makes clearer the nature of the problem by separating as much as possible combinatorial problems from choices of coordinates and equations. Once the toric setup is clarified, finding centers of blowing-up in a given embedding of the singularity should be considerably easier.

In the redaction, some facts must be applied to valuation rings R_ν, which are not nœtherian in general, and so parts are written without that assumption. Basically, I try to do here what is needed for local uniformization of an arbitrary valuation on a local nœtherian equicharacteristic excellent analytically irreducible ring with an algebraically closed residue field. The assumption of analytic irreducibility is not difficult to get rid of, while the case where the residue field is not algebraically closed requires other techniques in this approach. In the first sections I assume the existence of a base field, since it is only after ν-adic completion that one may use the existence of a field of representatives (see Proposition 5.5).

It was during Heisuke Hironaka’s wonderful Summer meeting at Ohnuma in 1993 that this train of thought started. I wish to thank Antonio Campillo, David Eisenbud, Franz-Viktor Kuhlmann, Mark Spivakovsky and Michel Vaquié for stimulating comments and suggestions. I am especially grateful to Mark Spivakovsky, whose work rekindled the ever burning coals of my interest for the role of the monomial curve and the Riemann-Zariski manifold, and to Franz-Viktor Kuhlmann, Michel Vaquié and the referees for commenting on a very preliminary version. I am also grateful to Nicolas Bourbaki for his incomparably careful and lucid exposition of completion problems.

During the preparation of this work, I enjoyed the hospitality of Brandeis University, the Fields Institute in Toronto, the University of Valladolid, Tokyo Metropolitan University, and the MSRI at Berkeley.

Finally, I wish to thank warmly Herwig Hauser for conceiving the idea of such a meeting and for his determination in realizing it.

2 Valuative sorites

This section^1 introduces the specialization of a ring R to the graded ring associated to a valuation. It generalizes to filtrations indexed by a totally ordered group a construction found, for filtrations indexed by Z, in the work of Gerstenhaber [G1], [G2], Rees [R], and in [T1]. One difference is that I do not use the valuation algebra

1Its title is that of an embryo version of this paper. The following was added at the request of a referee: the origin of the word sorite is an abbreviation (found e.g. in Galien) of the Greek which refers to a syllogistic type of reasoning based on the accumulation of premises; means “I accumulate”. It is used by some mathematicians to designate such an accumulation, adding a slightly depreciatory nuance. According to the Concise Oxford Dictionary, it also evokes “a form of sophism leading by gradual steps from truth to absurdity”.

as a formal algebraic construction, asking only whether it is finitely generated or not, but use it as a geometric object.

2.1 The valuation algebra

Recall that a valuation of a commutative field K is a map ν : K^∗ → Φ to a totally ordered commutative group Φ (the value group) such that ν(xy) = ν(x) + ν(y), ν(x + y) ≥ inf ( ν(x), ν(y) ) , with equality if ν(x) ≠ ν(y). The element 0 ∈ K has a valuation greater than any element of Φ. The set {x ∈ K | ν(x) ≥ 0} is the ring R_ν of the valuation; it is local with maximal ideal m_ν = {x ∈ K | ν(x) > 0}. If the first condition is relaxed to ν(xy) ≥ ν(x) + ν(y), one has a pseudo-valuation. The trivial valuation has value group {0}. Let R be an integral domain with field of fractions K and let ν be a valuation of K such that its valuation ring R_ν contains R. Except when there is explicit mention of the contrary, all valuations are assumed to be non trivial. Let us denote by Φ the totally ordered value group of the valuation ν and by k_ν its residue field R_ν/m_ν . Denote by Φ_+ (resp. Φ_−) the semigroup of positive (resp. negative) elements of Φ and set Γ = ν(R \ {0}) ⊂ Φ_+ ∪ {0}; it is the semigroup of (R, ν).

For ϕ ∈ Φ, set: P_ϕ(R) = {x ∈ R | ν(x) ≥ ϕ} P^+_ϕ (R) = {x ∈ R | ν(x) > ϕ, } where we agree that 0 ∈ P_ϕ for all ϕ, since its value is larger than any ϕ, so that by the properties of valuations the P_ϕ are ideals of R. Note that the intersection ⋂ ϕ∈Φ_+ Pϕ = (0) and that if ϕ is in the negative part Φ− of Φ, then Pϕ(R) =

P^+_ϕ (R) = R. Consider the graded algebra à la Gerstenhaber-Rees (see the papers quoted above), which we may call the valuation algebra of (R, ν):

A_ν (R) = ⨁ ϕ∈Φ P_ϕ(R)v^{−ϕ} ⊂ R[v^Φ]

where R[v^Φ] is the group algebra of Φ with coefficients in R, the element x_ϕ[ϕ] being written x_ϕv^{−ϕ}.

When there is no ambiguity we shall denote this algebra simply by A. It is a domain, not nœtherian in general even if R is, as we shall see below. Note that when ν is the trivial valuation, with Φ = {0}, we have A_ν (R) = R.

2.2 The valuation μ_A

We now define a valuation μ_A on A with value group Φ by

μ_A( ∑ x_ϕv^{−ϕ}) = min ( ν(x_ϕ) − ϕ ) .

By construction of A this valuation is non-negative on A.

There are several rings connected with A_ν(R): its quotient field is the quotient field K(v^Φ) of K[v^Φ], and it is not difficult to describe the valuation ring R_{μA} of μ_A; it is the set of quotients ∑ x_ϕv^{−ϕ}( ∑ y_ψv^{−ψ} )^{−1} such that min ( ν(x_ϕ ) − ϕ) ≥ min ( ν(y_ψ) − ψ ) . We use the notation P_ϕ(R_ν) = {x ∈ R_ν | ν(x) ≥ ϕ} as above, and similarly for P^+_ϕ (R_ν ) and P_ϕ(K), and remark that P_ϕ(K), P^+_ϕ (K) are R_ν-submodules of K, and that for ϕ ∈ Φ_+ we have P_ϕ(K) = P_ϕ(R_ν). With this notation, we have:

R_{μA} ∩ K[v^Φ] = A_ν(K) = ⨁ ϕ∈Φ_− P_ϕ(K)v^{−ϕ} ⨁ R_ν ⨁ ⨁ ϕ∈Φ_+ P_ϕ(R_ν )v^{−ϕ} and R_{μA} ∩ R_ν[v^Φ] = A_ν (R_ν ) = ⨁ ϕ∈Φ P_ϕ(R_ν)v^{−ϕ} ⊂ R_ν [v^Φ].

The maximal homogeneous ideal of A_ν(R_ν ) containing m_ν is:

M_ν = ⨁ ϕ∈Φ_− R_νv^{−ϕ} ⨁ m_ν ⨁ ⨁ ϕ∈Φ_+ P_ϕ(R_ν)v^{−ϕ}, so that the corresponding residue field is the residue field k_ν of the valuation, while the ideal of elements of positive value is

Q̃^+_0 = ⨁ ϕ∈Φ_− R_νv^{−ϕ} ⨁ m_ν ⨁ ⨁ ϕ∈Φ_+ P^+_ϕ (R_ν)v^{−ϕ}.

The maximal homogeneous ideal of A_ν(K) containing m_ν is ⨁ ϕ∈Φ P^+_ϕ (K)v^{−ϕ}

which induces Q̃^+_0 on A_ν (R_ν). In any case, the ideal of elements of positive μ_A-

value of A_ν (R) is

Q^+_0 = ⨁ ϕ∈Φ_− Rv^{−ϕ} ⨁ (m_ν ∩ R) ⨁ ⨁ ϕ∈Φ_+ P^+_ϕ (R)v^{−ϕ},

and we remark that it is exactly the ideal of A_ν (R) generated by the family of elements (v^{Φ+} ). Indeed, it is generated by elements x_ϕv^{−ϕ} with ν(x_ϕ) > ϕ; but then, x_ϕv^{−ϕ} = v^{ν(xϕ)−ϕ}x_ϕv^{−ν(xϕ )} ∈ (v^{Φ+} )A_ν (R). The other inclusion is clear.

For any ring A, let us denote by A[v^{Φ+} ] the algebra of the monoid Φ_+ ∪ {0} with coefficients in A.

2.3 The specialization to the graded algebra

The graded algebra associated with the valuation ν was introduced in ([L-T], [T1]) for the very special case of a plane branch (see [G-T]), and in [S 1], [S 2] in full generality. It is gr_νR = ⨁ ϕ∈Γ P_ϕ(R)/P^+_ϕ (R). We remark that it is indexed by the semigroup of (R, ν).

For each element x ∈ R, there is a unique ϕ ∈ Φ_+ ∪ {0} such that x ∈ P_ϕ \ P^+_ϕ ; the image of x in the quotient (gr_ν R)_ϕ = P_ϕ(R)/P^+_ϕ (R) is the initial form in_ν (x) of x. When there is no ambiguity, I will often denote it by x.

Remark. 1) Since R is an integral domain and ν is a valuation, the ring gr_νR is an integral domain.

2) If the value group Φ has finite rational rank, it is countable, since it is torsion free and hence the map Φ → Q ⊗_Z Φ = Q^r is injective. Therefore the R/(m_ν ∩ R)- algebra gr_νR has a countable system of generators, and so does the k_ν-algebra gr_ν R_ν.

3) If the ring R is nœtherian, each P_ϕ(R)/P^+_ϕ (R) is an R/(m_ν ∩ R)-module of finite type.

4) If R is a local ring with maximal ideal m, by definition of domination, the valuation ring R_ν dominates R if m_ν ∩ R = m, and we will sometimes, but not always, be in that situation. Then gr_ν R is a k_R-algebra, where k_R is the residue field of R. If we want to emphasize that R and R_ν have the same field of fractions, we say that R_ν birationally dominates R.

Let us denote by (v^{Φ+} )A_ν (R) the ideal generated in A_ν (R) by the elements of (v^{Φ+} ).

Proposition 2.1. a) The natural map

A_ν (R) −→ gr_νR

defined by x_ϕv^{−ϕ} → x_ϕ mod.P^+_ϕ (R)

induces an isomorphism of graded rings

A_ν (R)/Q^+_0 = A_ν (R)/(v^{Φ+} )A_ν(R) −→ gr_νR.

b) The natural inclusion R[v^{Φ+} ] −→ A obtained by considering only the part of negative degree (i.e., ϕ ∈ Φ_−) of A induces, after taking rings of fractions by the multiplicative subset (v^{Φ+} ), an isomorphism

(v^{Φ+} )^{−1}R[v^{Φ+} ] −→ (v^{Φ+} )^{−1}A_ν (R);

the quotient A_ν (R)/R[v^{Φ+} ] is a torsion Z[v^{Φ+} ]-module.

c) Given a homomorphism ϕ → e(ϕ) from Φ to the multiplicative group of units of R, it induces a surjection A_ν (R) → R defined by ∑ x_ϕv^{−ϕ} → ∑ x_ϕe(−ϕ). The kernel of this surjection is the ideal ( (v^ϕ − e(ϕ))_{ϕ∈Φ+} ) A_ν (R). If R contains a field k, this is true in particular for homomorphisms Φ → k^∗, and in all cases it is enough to define the homomorphism on Φ_+.

Proof. the map in a) is clearly surjective, and its kernel is homogeneous and generated by elements x_ϕv^{−ϕ} with ν(x_ϕ) > ϕ; but we saw in 2.2 that it is (v^{Φ+} )A_ν (R) = Q^+_0 .

To prove b), consider an element v^{−ψ} ∑ ϕ∈Φ_− xϕv −ϕ of the ring of fractions (v^{Φ+} )^{−1}R[v^{Φ+} ], and rewrite it as v^{−ψ} ∑ ϕ∈Φ_− v −ν(x_ϕ)x ϕv^{−ϕ+ν(xϕ )}. Since −ϕ ≥ 0 and ν(x_ϕ) ≥ 0, this is clearly an element of (v^{Φ+} )^{−1}A_ν (R), and every element can be written in this way; if ∑ x_ϕv^{−ϕ} ∈ A_ν(R), let ϕ_+ be the largest degree appearing in this sum. If it is negative, the element is in R[v^{Φ+} ]. Otherwise, rewrite the sum as v^{−ϕ+} ∑ x_ϕv^{−(ϕ−ϕ+ )} ∈ (v^{Φ+} )^{−1}R[v^{Φ+} ]. This proves both assertions of b).

Assertion c) is easily verified. ⟲

To interpret this geometrically, let us assume in this section that R contains^2 a field k ; we have a composed map of algebras k[v^{Φ+} ] → R[v^{Φ+} ] → A_ν(R). Then:

Proposition 2.2. The k[v^{Φ+} ]-algebra A_ν(R) is faithfully flat.

Proof. The criterion for faithful flatness of [B3], Chap. I. §3, No. 7, Proposition 13 is that every solution (y_k, 1 ≤ k ≤ n) , y_k ∈ A_ν (R), of a system (∗) n∑ k=1 c_{ki}y_k = d_i (1 ≤ i ≤ m)

of linear equations with coefficients and right-hand sides in k[v^{Φ+} ] can be written in the form

y_k = x_k + p∑ j=1 z_{jk}b_j (1 ≤ k ≤ n) where (x_k) is a solution of (∗) in k[v^{Φ+} ], the b_j belong to A_ν (R) and the z_{jk} for each fixed j are solutions in k[v^{Φ+} ] of the homogeneous system associated to (∗). Writing y_k = ∑ y_{kψ}v^{−ψ} , we notice that the elements with ν(y_{kψ}) > 0 must disappear in the equation (∗). Our equation splits into two systems: Let us denote by y^{(0)}_k the sum ∑ {(k,ψ)|ν(y_{kψ})=0} ykψv −ψ and by y^{(1)}_k the difference

y_k − y^{(0)}_k . Our system is equivalent to a) ∑ k c_{ki}y^{(0)}_k = d_i , b) ∑ k c_{ki}y^{(1)}_k = 0 (1 ≤ i ≤ m).

2In this paper, whenever we introduce a base field k, it will be tacitly assumed that the valuations studied are trivial on k; whenever we have inclusions k ⊂ R ⊂ R_ν , the intersection m_ν ∩ k is (0).

We may view each system as a system of linear equations with unknowns y_{kψ} ∈ R and coefficients and right-hand side in k, since they are the coefficients of the polynomials c_{ki}, d_i ∈ k[v^{Φ+} ]. Since R is a faithfully flat k-algebra (or by invoking linear algebra), we see that there are elements x^{(0)}_k , w^{(0)}_{kpψ} ∈ k and b^{(0)}_p ∈ R such that y^{(0)}_{kψ} = x^{(0)}_{kψ} + ∑ p w^{(0)}_{kpψ}b^{(0)}_p ,

and ∑ k c_{ki}( ∑ ψ x^{(0)}_{kψ}v^{−ψ}) = d_i, ∑ k c_{ki}( ∑ ψ w^{(0)}_{kpψ}v^{−ψ} ) = 0 ∀p. Let us now consider the second system; here we have to deal with restrictions on the valuations of the elements; a solution of this system defines a finite dimensional k-vector subspace V of R, generated by the coefficients y^{(1)}_{kψ} of the solutions y^{(1)}_k . Let us choose a basis (b_q )_{1≤q≤r} of this vector space which is compatible with the finite filtration of V by the vector subspaces P_ϕ ∩ V . We can now write

y^{(1)}_{kψ} = r∑ q=1 w^{(1)}_{kqψ}b_q with w^{(1)}_{kqψ} = 0 if ν(b_q) < ψ,

and the coefficients w^{(1)}_{kqψ} satisfy the system of linear equations ∑ c_{ki}( ∑ ψ w^{(1)}_{kqψ}v^{−ψ}) = 0 ∀q.

This means that we may write

y^{(1)}_k = ∑ q (∑ ψ w^{(1)}_{kqψ}v^{ν(bq)−ψ} ) b_qv^{−ν(bq )},

and this is indeed a combination of elements of A_ν(R) with coefficients in k[v^{Φ+} ] satisfying b). Adding up the decompositions: y_k = y^{(0)}_k + y^{(1)}_k after remarking that the only ψ’s which appear in y^{(0)}_k have to be ≤ 0, we see that we have satisfied the criterion for faithful flatness. ⟲

Remark. Let (ξ_i)_{i∈I} be elements of R such that their images (initial forms) in gr_ν R generate it as a R/(m_ν ∩ R)-algebra. Let us denote by S the k-subalgebra of R generated by the elements (ξ_i)_{i∈I} and let B_ν (S) the sub k[v^{Φ+} ]-algebra of A_ν (S) generated by the elements ξ_iv^{−ν(ξi )}. The proof we have just seen can be adapted to show that the k[v^{Φ+} ]-algebra B_ν (S) is faithfully flat.

The inclusion k[v^{Φ+} ] → A defines a map of schemes

SpecA −→ Speck[v^{Φ+} ].

Part a) of Proposition 2.1 is equivalent to the fact that the special fiber of this map is Specgr_ν R and parts b) and c) are ways of stating that its generic and general fibers are isomorphic to SpecR. Since this map is faithfully flat by Proposition 2.2, we can say that we have made R appear as a deformation of its associated graded ring, in a family parametrized bySpeck[v^{Φ+} ].

The center of the valuation μ_A on A_ν is the generic point of the subscheme Specgr_νR of SpecA; as we saw, this subscheme is integral since ν is a valuation and not a pseudo-valuation.

Let us now compute the associated graded ring of A with respect to the valuation μ_A. We set P_ϕ = P_ϕ(R) and Q_δ = {a ∈ A | μ_A(a) ≥ δ}; it is a graded ideal generated by the {x_ϕv^{−ϕ} | ν(x_ϕ) − ϕ ≥ δ}, and similarly for Q^+_δ . So we have Q_δ = A ∩ ⨁ ϕ∈Φ P_{ϕ+δ}v^{−ϕ},

Q^+_δ = A ∩ ⨁ ϕ∈Φ P^+_{ϕ+δ} v^{−ϕ}. So Q_δ = A for δ ≤ 0 and we can write

gr_{μA} A = ⨁ δ∈Φ_+ ∪{0} (Q_δ/Q^+_δ ) = ⨁ δ∈Φ_+ ( ⨁ {ϕ|ϕ+δ∈Φ_+ ∪{0}} P_{ϕ+δ}/P^+_{ϕ+δ} ) .

Thus gr_{μA} A has a Φ_+ ⊕ Φ_+-graduation (one must also add {0} to the semigroups) if we give degree ϕ+δ to the elements of P_{ϕ+δ}/P^+_{ϕ+δ} as suggested by the graduation of A. Let us denote by R the quotient R/(m_ν ∩ R), and remark that gr_ν R is an R-algebra.

We have a map of R-algebras

gr_{μA} A → (gr_ν R) ⊗_R R[v^{Φ+} ]

induced by the map Q_δ → (gr_ν R) ⊗_R R[v^{Φ+} ] defined by: ∑ ν(x_ϕ)−ϕ≥δ x_ϕv^{−ϕ} → ∑ ν(x_ϕ)−ϕ=δ x_ϕ ⊗ v^δ ,

where x_ϕ is the initial form in P_{ϕ+δ}/P^+_{ϕ+δ} of x_ϕ. This map is homogeneous with respect to the Φ_+ ⊕ Φ_+ graduation of gr_{μA} A described above if we give (gr_ν R) ⊗_R R[v^{Φ+} ] the tensor product graduation where elements of degree δ ⊕ ψ ∈ Φ_+ ⊕ Φ are tensor products with v^δ of elements of degree ψ of gr_ν R.

Proposition 2.3. With the gradings just described, this map is a (Φ⊕Φ_+ )- graded isomorphism of R-algebras

gr_{μA} A → (gr_ν R) ⊗_R R[v^{Φ+} ].

Proof. The map is clearly surjective, and its injectivity is easily verified degree by degree. Note that upon taking ϕ + δ = 0, this map induces the identity of R[v^{Φ+} ]. Note also that the valuation μ_A takes its positive values in Φ_+, and not in Γ. ⟲

Remark. The meaning of this Proposition is that the deformation of graded algebras corresponding to the deformation of rings encoded by A_ν and to μ_A is “trivial” in the sense that the total space Specgr_{μA} is the product by SpecR[v^{Φ+} ] of the special fiber Specgr_ν R.

2.4 The valuation ν_A

There is another natural valuation on the ring A_ν (R): it is the valuation ν_A defined by ν_A( ∑ x_ϕv^{−ϕ}) = min(ν(x_ϕ)).

Its center is the subscheme of SpecA_ν (R) defined by the ideal of A_ν(R) generated by (m_ν ∩ R, ⨁ ϕ∈Φ_+ Pϕv −ϕ). This subscheme is isomorphic to SpecR[v^{Φ+} ]. In the special case where R is a local k-algebra dominated by R_ν and the extension k → R/m is trivial, this means that the center of ν_A is the image of a section

σ : Speck[v^{Φ+} ] → SpecA_ν (R).

Let us examine the valuation algebra of A_ν (R) with respect to ν_A. Set

S_δ = { ∑ x_ϕv^{−ϕ} ∈ A_ν (R) | minν(x_ϕ) ≥ δ} = ⨁ ϕ∈Φ Pmax_{(δ,ϕ)}(R)v^{−ϕ},

S^+_δ = { ∑ x_ϕv^{−ϕ} ∈ A_ν (R) | minν(x_ϕ) > δ} = ⨁ ϕ∈Φ (P^+_δ (R) ∩ P_ϕ(R))v^{−ϕ};

we have the equalities

gr_{νA} A_ν(R) = ⨁ δ∈Φ S_δ /S^+_δ = ⨁ ϕ∈Φ (⨁ δ≥ϕ (P_δ(R)/P^+_δ (R)) ) . Let us define the “degree algebra” of a graded algebra H = ⨁ δ∈Φ_+ ∪{0} Hδ in a way similar to the definition of the valuation algebra, replacing valuation by degree, and setting H_δ = 0 for δ ∈ Φ_−

A_{deg}(H) = ⨁ ϕ∈Φ (⨁ δ≥ϕ H_δ ) v^{−ϕ} ⊂ H[v^Φ]. This algebra is “trivial” in view of the

Lemma 2.4. The map A_{deg} → H ⊗_{H0} H_0[v^{Φ+} ]

determined by ∑ ϕ (∑ δ≥ϕ x_δ ) v^{−ϕ} → ∑ ϕ,δ∈Φ, δ≥ϕ x_δ ⊗_{H0} v^{δ−ϕ} is a graded isomorphism of H_0-algebras when one gives the right hand side the twisted Φ ⊕ Φ_+ graduation for which a homogeneous element of degree δ ⊕ ψ is of the form x_δ ⊗ v^{δ−ψ} where x_δ is of degree δ.

Proof. Indeed, the inverse map is given by x_δ ⊗ v^ψ → x_δv^{−(δ−ψ)}. ⟲

In order to show that the valuation algebra gr_{νA} A_ν (R) is “trivial”, as in the case of the valuation μ_A, it only remains to check the obvious fact that

Remark. If we view gr_ν (R) as a graded algebra indexed by Φ_+ ∪ {0} with a 0 component for ϕ /∈ Γ, we have the equality

gr_{νA} A_ν (R) = Adeg(gr_ν(R)).

Finally, we have proved

Proposition 2.5. With the twisted grading on (gr_νR) ⊗_R R[v^{Φ+} ] described above, the map of Lemma 2.4 is a graded isomorphism

gr_{νA} A_ν (R) → (gr_ν R) ⊗_R R[v^{Φ+} ],

determined by the fact that the ν_A-initial form of ξv^{−ν(ξ)} is mapped to ξ ⊗1, where ξ is the ν-initial form of ξ. Note that A_ν (R)/S_0 = R[v^{Φ+} ] = R ⊗_R R[v^{Φ+} ].

Remark. 1) The isomorphisms of the two graded algebras of A_ν (R) with respect to μ_A and ν_A with (gr_νR) ⊗_R R[v^{Φ+} ] have quite different geometric significations, as one can see by considering the analogous constructions for the Rees algebra R(I) = ⨁ n∈Z I^nv^{−n} ⊂ R[v, v^{−1}] of an ideal I of a ring R, where I^n = R for n ≤ 0.

The valuation μ corresponds to the v-adic filtration; it is the (pseudo)valuation associated to this filtration, and the valuation ν corresponds to the (pseudo)valuation induced by the I-adic filtration of R[v, v^{−1}]. The triviality of the gr_{μA} A_ν (R) generalizes the fact that since the special fiber Specgr_I R in this case is a divisor, its normal cone in SpecR(I) is Spec(gr_I R)[v]. The triviality for ν_A generalizes the fact, more specific to the Rees algebra, that the graded ring with respect to the I-adic filtration is trivial.

2) We shall see below in subsection 3.2 that there is a valuation ν̃_A on A_ν (R) which is composed with the natural valuation ν_{gr} on the graded ring gr_νR, defined by ν_{gr}( ∑ x_ϕ) = min(ν(x_ϕ)),

where x_ϕ ∈ R is a representative of x_ϕ, and the valuation does not depend on its choice. Moreover, this valuation ν̃_A induces in a natural way the valuation ν on R. This will gives a precise meaning to the intuition that ν_{gr} is the specialization of ν to gr_ν R.

3) The graded ring gr_{νgr} gr_ν R is isomorphic to gr_ν R.

An example Let R be a discrete valuation ring, and π a generator of its maximal ideal. The value group of the valuation of R is Z and we have P_n(R) = π^nR for n ≥ 0, P_n(R) = R for n ≤ 0, so that A_ν(R) = R[v, πv^{−1}] ⊂ R[v, v^{−1}]. In this case, gr_ν R = (R/πR)[t], where t is the initial form of π. I leave it as an exercise to determine the maps A_ν(R) → R and A_ν (R) → gr_νR in this case (hint: map πv^{−1} to t). This applies in particular when R = C{t}, as we shall see in subsection 5.4, or to k[[t]] where k is any field. It also applies to the nonequicharacteristic case, for example to R = Ẑ_p, the ring of p-adic integers, and more generally when R = W (k) is the ring of Witt vectors associated to a perfect field k of characteristic p, with π = p (see [B3], Chap. IX, §§1,2, [Ei], §7). We shall see below in subsection 5.2 that the Spec of the p-adic completion of A_ν(W (k)) is the total space of a deformation of Speck[[t]] to SpecW (k). This is the very first step in the extension of the method presented here to the non-equicharacteristic case.

3 Valuation algebras and composition of valuations

In this section I examine the behavior of valuation algebras when one changes a valuation for an other one with which it is composed, or for the corresponding residual valuation.

3.1 The composition of valuations

In this paragraph, we study the relation of composition of valuations; if ν is composed with ν_1, both non-negative on our local ring R, it means that we have inclusions of local rings R ⊂ R_ν ⊂ R_{ν1} , and of ideals m_{ν1} ⊂ m_ν ⊂ R_ν, m_{ν1} ∩ R ⊆ m_ν ∩ R ⊆ m. We assume known the theory of composition of valuations, referring to ([V], section 4, [Z-S], Vol 2, Ch. VI, [A1], [B2]), and fix notations.

Let us recall that the rank r(Φ) of the Q-vector space Q ⊗_Z Φ is called the rational rank of Φ; if Φ is the group of a valuation ν, it is also denoted by r(ν). Recall also that in the case where R_ν dominates R, the transcendence degree t_{kR} (ν) of the extension (k_ν : k_R) is called the residual transcendence degree, and that the height h(ν) (often also called the rank) of the valuation ν is the number (in general the ordinal type) of elements of a maximal chain R_ν ⊂ R_{ν1} ⊂ · · · ⊂ R_{νh−1} of valuation rings of K containing R_ν ; it is also the Krull dimension of the ring R_ν . Each inclusion R_ν ⊂ R_{νi} corresponds to an monotone (non-decreasing) map of totally ordered groups λ_i : Φ → Φ_i such that ν_i = λ_i ∘ ν. A monotone nondecreasing map means here that if ϕ ≤ ψ, then λ(ϕ) ≤ λ(ψ). The kernel Ψ_i of such a map is an isolated (or convex) subgroup of Φ, so that h(ν) is also the ordinal type of the chain of isolated subgoups of Φ; it depends only on Φ and we will speak of the height of Φ.

A totally ordered group of height one is archimedian and can be embedded as an ordered subgroup of R. Following [A1], we will say that a group of height one is discrete if it is well ordered, and we will say that a group Φ of finite height is discrete if the quotient of two successive elements of the sequence

(0) ⊂ Ψ_{h−1} ⊂ · · · ⊂ Ψ_1 ⊂ Φ

of the isolated subgroups of Φ is discrete.

We have the inequality h(ν) ≤ r(ν)

and for a valuation ring R_ν birationally dominating a nœtherian local ring R, we have Abhyankar’s inequality (see [V], section 9, Th. 9.2)

r(ν) + t_{kR} (ν) ≤ dimR.

Abhyankar’s inequality has a nice interpretation in terms of the graded algebra

Proposition 3.1. (Piltant, [P]) If R is a nœtherian local domain with uncountable residue field k_R, birationally dominated by the valuation ring R_ν, the Krull dimension of gr_ν R is equal to r(ν) + t_{kR} (ν). If t_{kR} (ν) = 0, the assumption on the cardinality is unnecessary.

In this case Abyankar’s inequality becomes

dimgr_νR ≤ dimR.

Note that if we have R ⊂ R_ν, the local ring R_ν dominates R_{mν ∩R}.

Spivakovsky had remarked that the transcendence degree over R/m of gr_ν R is equal to r(ν) + t_{kR} (ν) (see [S 3], Remark 3.7).

Remark. I will use Piltant’s result only in the case where t_{kR} (ν) = 0. For the convenience of the reader, I sketch the proof of Piltant’s result in this case. In the beginning, I suppose only that m_ν ∩ R = m, i.e. that the valuation ring R_ν dominates R. Let S be the multiplicative set of homogeneous elements of positive degree in gr_νR, and let [F ]_0 denote the part of degree zero of an homogenous ring of fractions F of a graded algebra by a multiplicative set of homogeneous elements.

Lemma 3.2. The map

[S^{−1}gr_νR]_0 → k_ν, x_ϕ y_ϕ → x_ϕ y_ϕ mod.m_ν

is well defined and is an isomorphism.

Proof. This follows from a direct verification. ⟲

Let now (u_1, . . . , u_r) be elements of R whose valuations (δ_1, . . . , δ_r) rationally generate the group Φ, where r is the rational rank r(ν) of Φ; this means that (δ_1, . . . , δ_r) form a basis of the Q-vector space Φ⊗_Z Q. Let Γ^{(u)} = Zδ_1 ⊕· · ·⊕Zδ_r ⊆ Φ be the subgroup generated by the δ_i; set Γ^{(u)}_+ = Γ^{(u)} ∩ Φ_+ and define the subalgebra gr^{(u)}_ν R = ⨁ ϕ∈Γ^{(u)}_+ P_ϕ(R)/P^+_ϕ (R).

Let us denote by S^{(u)} the intersection S ∩ gr^{(u)}_ν R and by k^{(u)} the induced field [(S^{(u)})^{−1}gr^{(u)}_ν R]_0. Remember that an injection A → B of commutative rings is said to be radicial if for each y ∈ B there exists n ∈ N such that y^n ∈ A; then the map SpecB → SpecA is an homeomorphism; in particular A and B have the same Krull dimension.

Lemma 3.3. The extensions gr^{(u)}_ν R → gr_ν R and k^{(u)} → k_ν are radicial.

Proof. It suffices to check that any homogeneous element x_ϕv^{−ϕ} ∈ gr_ν R has a power which is gr^{(u)}_ν R. Since Γ^{(u)} rationally generates Φ, there is an integer n such that nϕ ∈ Γ^{(u)}, so that x^nv^{−nϕ} ∈ gr^{(u)}_ν R. ⟲

Given an element ϕ ∈ Γ^{(u)}, it can be written uniquely as

ϕ = a_1δ_1 + · · · + a_rδ_r with a_i ∈ Z.

Lemma 3.4. With the notation just introduced, the map

ι_u : gr^{(u)}_ν R → k^{(u)}[t^{Γ(u)+} ], x_ϕ → x_ϕ u^{a1}_1 . . . u^{ar}_r t^ϕ induces an isomorphism

(S^{(u)})^{−1}gr^{(u)}_ν R → k^{(u)}[x^{±1}_1 , . . . , x^{±1}_r ].

If k_ν is algebraic over k_R, the map ι_u is integral.

Proof. For the first part, since Γ^{(u)} is a free abelian group of rank r, it suffices to show that (S^{(u)})^{−1}gr^{(u)}_ν R → k^{(u)}[t^{Γ(u)} ] is an isomorphism. Remarking that ι_u(S^{(u)}) ⊆ {λt^γ , γ ∈ Γ^{(u)}_+ , λ ∈ k^{(u)∗}}, we see that (S^{(u)})^{−1}gr^{(u)}_ν R ⊂ k^{(u)}[t^{Γ(u)} ]. The surjectivity is easy to check.

If the extension k_R → k_ν is algebraic, so is k_R → k^{(u)}. To prove that ι_u is integral, it suffices to show that any element λt^γ with λ ∈ k^{(u)}, γ ∈ Γ^{(u)} is integral. This follows from the fact that λ is algebraic over k_R. ⟲

From these lemmas we deduce

Proposition 3.5. (Spivakovsky, Piltant) The transcendence degree over k_R of gr_ν R is equal to r(ν) + t_{kR} (ν).

Proof. Because the extension is radicial, this transcendence degree is equal to that of gr^{(u)}ν R, hence to that of (S^{(u)})^{−1}gr^{(u)}ν R, which is that of k^{(u)}[t^{Γ(u)} ] and also of k_ν [t^{Γ(u)} ] since the extension k^{(u)} → k_ν is radicial. ⟲

Now Piltant uses the following corollary to Cohen’s dimension inequality

Proposition 3.6. Let B be an integral domain containing a nœtherian ring A. Then dimB ≤ dimA + t_A(B), where t_A(B) is the transcendence degree of B over A.

Proof. The proof is like the classical one (see [Ei], Chap. 13) except that we do not suppose that B is finitely generated over A. But if (0) = p_0 ⊂ p_1 ⊂ p_2 ⊂ · · · ⊂ p_d is a chain of distinct prime ideals of B, choosing for each i, 1 ≤ i ≤ d an element y_i ∈ p_i \ p_{i−1}, we see that the p_i ∩ A[y_1, . . . , y_d] form a chain of distinct prime ideals, so that dimA[y_1, . . . , y_d] ≥ d, and we are reduced to the case of a finitely generated algebra. ⟲

Applying this result with A = k_R and B = gr_νR, remarking that we have used the nœtherianity of R only to ensure that r(ν) + t_{kR} (ν) < ∞ and using Proposition 3.5 gives the first part of the

Proposition 3.7. (Piltant, [P])) Whenever the valuation ring R_ν birationally dominates the local ring R and r(ν) + t_{kR} (ν) < ∞, the following inequality holds

dimgr_ν R ≤ r(ν) + t_{kR} (ν).

If t_{kR} (ν) = 0, dimgr_ν R = r(ν).

Proof. To prove the second part, we use the lemmas above: the map

(S^{(u)})^{−1}gr^{(u)}_ν R → k^{(u)}[x^{±1}_1 , . . . , x^{±1}_r ]

is an isomorphism, so these two rings have the same dimension r(ν). Since dimension cannot increase by localization, this gives dimgr^{(u)}_ν R ≥ r(ν) and finally, because the extension gr^{(u)}_ν R → gr_νR is radicial, dimgr_νR ≥ r(ν). But we have the opposite inequality by the first part of the proposition. ⟲

Remark. Piltant’s result implies that if t_{kR} (ν) = 0 and r(ν) < ∞ we have

dimgr_νR_ν = r(ν) and dimgr_ν R = t_{kR} (gr_νR),

the transcendence degree of gr_νR over k_R. We will use this last equality in several examples. The first one should be contrasted with the fact that dimR_ν = h(ν) ≤ r(ν).

Question. Does the proof in the case where t_{kR} (ν) = 0 also show that gr_ν R is catenary?

The proof of the fact that equality in the inequality of Proposition 3.7 continues to hold without the assumption that t_{kR} (ν) = 0 provided that k_R is uncountable is more delicate. Piltant has given in [P] an example of a valuation ν on the ring R = Q[s, t, x, y]_{(s,t,x,y)} with value group Z^2_{lex} and residue field Q(^s_t ) such that gr_ν R has Krull dimension 3 = r(ν) + t_{kR} (ν) but is not catenary; it possesses a saturated chain of prime ideals of length two. It would be interesting to decide whether the completion ^gr_νR with respect to ν_{gr} which we shall meet in subsection 5.2 is catenary.

Strict inequality in Abhyankar’s inequality may happen, but this does not contradict the semi-continuity theorem for the dimensions of the fibers of the map SpecA_ν (R) → Speck[v^{Φ+} ] since semicontinuity is proved only for morphisms which are essentially of finite type. Under the assumptions of Piltant’s theorem, in order that A_ν (R) may be a k[v^{Φ+} ]-algebra of finite type, it is necessary that Abhyankar’s equality holds.

Since R is assumed to be nœtherian we will in this text remain in the situation where r(Φ), t_{kR} (ν), etc.. are finite.

Recall that Φ is said to be rationally complete ([A], II, 8, p.44), or divisible, if for every ϕ ∈ Φ and every non zero n ∈ Z there is ϕ^′ ∈ Φ such that nϕ^′ = ϕ. In loc.cit, Proposition 2.10, it is shown that if Φ is divisible and of height h, there are h ordered subgroups Φ_i of R (of height one) such that Φ is order isomorphic to the lexicographically ordered sum Φ_1 ⊕ · · · ⊕ Φ_h. We will say that a valuation is rationally complete if its group is. This notion is used to show that the group of a valuation is always an ordered subgroup of Qr^{(ν)} ordered lexicographically.

Moreover, (see [B3], Chap. VI, §10, No. 2), if Φ is finitely generated and if r(ν) = h(ν), then Φ is order isomorphic to Zh^{(ν)} with the lexicographic order. We will often make use of the following fact Proposition 3.8. (Zariski; see ([Z-S], Appendix 3, [S2], remark 2.7, [V], Prop. 9.1.) If R is nœtherian, the value semigroup Γ = ν(R \ {0}) ⊂ Φ_+ is well ordered. Proof. Zariski’s proof is in terms of valuation ideals of R, which are the distinct P_ϕ(R); a decreasing sequence of elements of Γ gives an increasing sequence of ideals P_ϕ(R), which has to be stationary. ⟲

A surjective monotone non-decreasing map of ordered groups λ : Φ → Φ_1 corresponds to a composite valuation ν_1 = λ ∘ ν and another valuation ring R_{ν1} ⊃ R_ν. However, the classical terminology is that ν is composed with ν_1, and we will respect it. The map λ extends to a map λ̃ : k[v^Φ+ ] → k[w^Φ1+ ].

We have a map A_ν (R) → A_{ν1} (R) and in fact a commutative diagram λ̃_A(R) : A_ν (R) −→ A_{ν1} (R) ↑ ↑ λ̃ : k[vΦ+ ] −→ k[wΦ1+ ]

where the top arrow is induced by the inclusions P_ϕ(R) ⊂ P_{λ(ϕ)}(R), i.e., x_ϕv^{−ϕ} → x_ϕw^{−λ(ϕ)}, and the bottom arrow is λ̃. The map λ̃ is surjective since λ : Φ → Φ_1 is order preserving, and its kernel is the ideal generated by the (v^ψ −1)_{ψ∈Ψ+} where Ψ is the kernel of the map Φ → Φ_1. Let us show that λ̃_A(R) is also surjective: given xw^{−μ}, where μ = λ(ϕ) and ν_1(x) ≥ μ, either ν(x) ≥ ϕ and xw^{−μ} is the image of xv^{−ϕ}, or we have not chosen ϕ well, but since λ is order preserving, if ν(x) < ϕ, we have ν_1(x) = λ(ν(x)) ≤ λ(ϕ) = μ so that λ(ν(x)) = μ and ϕ − ν(x) ∈ Ψ. Finally, we see that xw^{−μ} is the image of xv^{−ν(x)} and we have shown the surjectivity. The kernel is the ideal of A_ν generated by (v^ψ − 1)_{ψ∈Ψ+} .

Finally, we have shown that the formation of k[v^{Φ+} ] → A_ν commutes with the composition of valuations; we have Proposition 3.9. The natural morphism

A_ν(R) ⊗_{k[v}Φ_{+ ]} k[w^{Φ1+} ] → A_{ν1} (R) x_ϕv^{−ϕ} ⊗ w^{ϕ1} → x_ϕw^{ϕ1−λ(ϕ)} is an isomorphism of graded k[v^{Φ+} ]-algebras. Remark. The fact that

A_{ν1} (R) = A_ν(R)/ ( (v^ψ − 1)_{ψ∈Ψ+} ) is true without assuming that R contains a field.

Corollary. The rings gr_ν R and gr_{ν1} R are both specializations of the same ring over the polynomial ring k[(t_ψ)_{ψ∈Ψ+} ].

Proof. The ring gr_{ν1} R is isomorphic to the quotient ring of A_ν (R) by ( (v^ψ − 1)_{ψ∈Ψ+} , (v^ϕ)_{ϕ∈Φ+\Ψ+} ) ) , and gr_νR = A_ν (R)/ ( (v^ϕ)_{ϕ∈Φ+} ) . These rings are specializations of

A_ν (R) ⊗_k k[(t_ψ)_{ψ∈Ψ+} ]/ ( (v^ψ − t_ψ)_{ψ∈Ψ+} , (v^ϕ)_{ϕ∈Φ+ \Ψ+} ) ) . ⟲ Remark. If we have a sequence of valuation rings as above, with R ⊂ R_ν, R_ν ⊂ R_{ν1} ⊂ · · · ⊂ R_{νh−1} , where h is the height of the valuation ν, all the graded algebras gr_{νs} R are specializations of the same algebra of the form

A_ν (R) ⊗_k k[t_ω]/ ( (v^ω − t_ω)_{ω∈Ω1} , (v^ω)_{ω∈Ω2} ) , and we can in a number of cases use a system of generators of gr_νR to produce a system of “formal” generators for each gr_{νs} R (see below).

3.2 The valuation ν̃_A

Let us denote by ν̃_A the valuation on A_ν(R) with values in the group Φ⊕Φ ordered lexicographically, and defined by

ν̃_A(Σx_ϕv^{−ϕ}) = ( μ_A(Σx_ϕv^{−ϕ}), ν_A(Σx_ϕv^{−ϕ}) ) . According to what we saw in §1, the center of this valuation is defined by the ideal ( (v^{Φ+} )A_ν (R), ⊕_{ϕ∈Φ+} P_ϕv^{−ϕ} ) of A_ν (R). Geometrically, this center is SpecR.

This valuation is composed with μ_A in the manner corresponding to the first projection Φ ⊕ Φ → Φ, and the residual valuation of ν̃ on the center gr_ν R of μ_A is ν_{gr}.

This valuation is of interest because it is a “specialization” of the valuation ν on R to the valuation ν_{gr}. Indeed, the valuation ν_A extends to a valuation of (v^{Φ+} )^{−1}A_ν (R) = (v^{Φ+} )^{−1}R[v^{Φ+} ] (Proposition 2.1, b)) which is the algebra of the “generic fiber” of the faithfully flat map defined in §2.3, and as we saw it induces the natural valuation on the special fiber. Moreover, heuristically, we may think of the inclusion A_ν(R) → A_ν (R_ν) as a uniformization of the valuation ν̃ (see below, §4), forgetting for a moment the fact that it is not an extension of finite type. The center of ν̃ in A_ν(R_ν ) is the origin, and, still heuristically, A_ν (R_ν) is “regular”. Then the corresponding map of schemes is a simultaneous uniformization for ν and ν_{gr} since the induced map gr_ν R → gr_ν R_ν is also (in the same heuristic sense) a uniformization of ν_{gr}.

3.3 The valuation algebra of the residual valuation

Let us now come back to the inclusion R_ν ⊂ R_{ν1} associated to an monotone nondecreasing surjection λ : Φ → Φ_1 of ordered groups, with kernel Ψ; it is a classical fact of valuation theory (see [A], pp. 56-57 and [V]) that m_{ν1} ⊂ R_ν and the image R_ν = R_ν/m_{ν1} ⊂ R_{ν1} /m_{ν1} is a valuation ring of the field R_{ν1} /m_{ν1} , corresponding to a valuation ν with value group Ψ.

If we endeavor to find the valuation algebra of R_1 = R/(m_{ν1} ∩ R) with respect to ν, we see that if we denote by A_Ψ(R) the subalgebra ⨁ ϕ∈Ψ P_ϕ(R)v^{−ϕ} of A_ν (R), then A_ν(R_1) is nothing else than the image of A_Ψ(R) in R_1[v^Φ] by the canonical map R[v^Φ] → R_1[v^Φ]. It is important to note that R_1 may have a field of fractions smaller than R_{ν1} /m_{ν1} , and that, setting as usual Γ = ν(R \ {0}) ∪ {0}, the group generated by Γ ∩ Ψ may be smaller than Ψ. This happens in particular if m_{ν1} ∩ R = m_ν ∩ R since in that case the valuation ν is trivial on R_1; this is the same as saying that we have Γ ∩ Ψ = {0}.

A typical example is the monomial valuation on R = k[u, v]_{(u,v)} with values in Z^2 ordered lexicographically determined by ν(u) = (1, 0), ν(v) = (1, 1); it is composed with the (u)-adic valuation, Γ is the semigroup generated by (1, 0), (1, 1) and Ψ is the subgroup {(i, j)| i + j = 0}. Note that the two valuations have the same center in R and that for a given ϕ ∈ Φ_+ there are only finitely many ideals P_ψ between P_{λ(ϕ)} and P^+_{λ(ϕ)}.

3.4 Comparison of graded algebras for composed valuations

The result of Proposition 3.9 suggests that we seek a closer relation between gr_ν R and gr_{ν1} R when ν is composed with ν_1. First, let us remark that with the usual notations, we have for ϕ ∈ Φ_+ ∪ {0} the following inclusions^3

P^+_{λ(ϕ)} ⊂ P^+_ϕ ⊂ P_ϕ ⊂ P_{λ(ϕ)},

so that we get a filtration of each

(gr_{ν1} R)_{ϕ1} = P_{ϕ1} P^+_{ϕ1}

by the (P_ϕ/P^+_{λ(ϕ)})_{λ(ϕ)=ϕ1} . In the case where ϕ_1 = 0, it is nothing else than the filtration of R = R/(m_{ν1} ∩ R) by the images of the (P_ϕ)_{ϕ∈Ψ} where Ψ = Kerλ, i.e., the filtration corresponding to the ideals (P_ψ)_{ψ∈Ψ} associated to the residual valuation ν on R. Let us denote by P(ϕ_1) this filtration, for each ϕ_1 ∈ Φ_{1+}. We have immediately

3The fact that λ(ϕ) ∈ Φ_1 is deemed sufficient, here and in the sequel, to indicate that the first and last ideals correspond to the valuation ν_1 .

Lemma 3.10. The natural map P_ϕ → P_ϕ P^+_{λ(ϕ)}

induces an isomorphism

gr_ν R → ⨁ ϕ_1∈Φ_{1+} ∪{0}

gr_{P(ϕ1)}(gr_{ν1} R)_{ϕ1} .

It is graded in the sense that an element of degree ϕ is mapped to an element of bidegree (ϕ, λ(ϕ)). Moreover, for x ∈ R, we have

in_ν x = in_{P(ν1(x))} ( in_{ν1} x ) . In particular, taking λ(ϕ) = 0, we find that it induces a graded isomorphism ⨁ ψ∈Ψ_+ ∪{0} (gr_ν R)_ψ → gr_ν R,

which can also be deduced from 3.3. Note that when R is nœtherian, and so Γ is well ordered by Proposition 3.8, the topology on R/(m_{ν1} ∩R) corresponding to the ν-adic filtration is finer than the image by the natural surjection R → R/(m_{ν1} ∩R) of the ν-adic topology on R. This follows from the inclusions P_ψ ⊂ P_ϕ +m_{ν1} ∩R for ψ ∈ Ψ, ψ ≥ min_{{x|ν1(x)=0,ν(x)≥ϕ}}ν(x). Thus, the ν-adic topology on R/(m_{ν1} ∩ R) is the same as the image of the ν-adic topology of R. Note that they may be the discrete topology; more generally, if ν and ν_1 have the same center in R, the filtrations P(ϕ_1) are finite ([Z-S], Vol. II, Appendix 3, Corollary). Remark. In fact, whenever we have a specialization R ⊂ R_ν ⊂ R_{ν1} of valuations of R, the valuation ν induces, as described above, a filtration on the ring gr_{ν1} R, to which we can associate as in subsection 2.1 a “filtration algebra” which determines a specialization of gr_{ν1} R to gr_ν R. This specialization is the same as that coming from the embedding of SpecA_{ν1} (R) in SpecA_ν (R).

Example. Let R be a local integral domain, and f ∈ R \ {0} be such that R/(f) is again integral. Let us choose a valuation ν of R/(f) with semigroup of values Γ generating a group Ψ. Since each element x of R can be written in a unique way x = f^ny with y /∈ (f), we may define a valuation ν on R with group Z ⊕ Ψ ordered lexicographically by

ν(f^ny) = (n, ν(y)) where y = y mod.(f).

The map f^ny → n ∈ N defines a valuation ν_1 on R, with value group Z. and with which ν is composed. With the notations introduced above, we have R = R/(f), and gr_{ν1} R = R[ξ] with ξ = in_{ν1} (f), and from the considerations above we see that because it is a polynomial ring in one variable, we have: gr_νR = (gr_νR)[ξ].

3.5 Comparison of residual valuations

In this subsection I recall some direct consequences of the basic facts on the composition of valuations found in ([A], pp. 56-57, [V], section 4). Keeping the notations of the beginning of this section, let us consider a sequence R_ν ⊂ R_{ν1} ⊂ R_{ν2} of valuation rings; it corresponds to a sequence

Φ → Φ_1 → Φ_2

of value groups; let Ψ_2 ⊂ Ψ_1 ⊂ Φ be the kernels of the maps Φ → Φ_1 and Φ → Φ_2 respectively. To this situation is associated an inclusion

R_ν/(m_{ν2} ∩ R_ν ) ⊂ R_{ν1} /(m_{ν2} ∩ R_{ν1} )

of valuation rings of the residue field k_{ν2} of R_{ν2} . Note that in fact m_{ν2} ∩ R_ν = m_{ν2} since m_{ν2} ⊂ R_ν by the general properties of composed valuations (see [V]), and similarly for R_{ν1} ; recall also that R_{νi} is the localization of R_ν at the prime m_{νi} . The value group of the first valuation ring is Ψ_1, and the value group of the second is Ψ_1/Ψ_2. If ν_1 and ν_2 are consecutive valuation rings, in the sense that there is no other valuation ring between them, the group Ψ_1/Ψ_2 is of height one.

Assuming that this is the case, given a subring R ⊂ R_ν, we see that ν_1 induces a valuation of height at most one, with valuation ring R_{ν1} /(m_{ν2} ∩ R_{ν1} ), on the quotient R/(m_{ν2} ∩R); the center of this valuation is the ideal (m_{ν1} ∩R)/(m_{ν2} ∩R), which is also the kernel of the natural morphism R/(m_{ν2} ∩ R) → R/(m_{ν1} ∩ R). More precisely, it may happen that m_{ν1} ∩ R = m_{ν2} ∩ R, and then the residual valuation is trivial on R/(m_{ν2} ∩ R); in general the quotient R/(m_{ν2} ∩ R) need not have the same field of fractions as R_{ν1} /(m_{ν2} ∩ R_{ν1} ), as we saw in subsection 3.3.

3.6 Specialization of valuations and rational valuations

Let k be a field, and (R, m) a local k-algebra which is an integral domain. Let R_{ν0} a valuation ring in the fraction field of R, containing R, with residue field k_{ν0} , and assume that the transcendence degree over k of k_{ν0} is greater than zero. Then, if R/(m_{ν0} ∩R) ≠ k_{ν0} , there exists a k-valuation ring V of k_{ν0} containing R/(m_{ν0} ∩R) and different from k_{ν0} . If we denote by π : R_{ν0} → k_{ν0} the canonical projection, we see that π^{−1}(V ) is a valuation ring R_{ν1} containing R and contained in R_{ν0} . The residue field of R_{ν1} is equal to the residue field of V , and therefore its transcendence degree over k is less than that of k_{ν0} . We may iterate this construction as long as the residue field of R_{ν1} is transcendental over k and R/(m_{ν1} ∩ R) ≠ k_{ν1} . When we stop, we have built a sequence R ⊂ R_{νt} ⊂ R_{νt−1} ⊂ · · · ⊂ R_{ν0} such that t ≤ t_k(ν_0) and either R_{νt} dominates R and the residual extension is trivial, or the residue field of R_{νt} is algebraic over k. In this case, the ring R/(m_{νt} ∩ R) contains k and is contained in k_{νt} , so it is a field. This means that m_{νt} ∩R = m, so R_{νt} dominates R. So at worse we end up the specialization process with a valuation ring dominating R and an algebraic residual extension.

This is a special case of the construction found in [Z-S], Vol. 2, Chap VI, §16. In the case where R_ν dominates R and the residual extension is trivial, one says that the valuation ν on R is rational. So we have:

Proposition 3.11. If the residue field of R is algebraically closed, we can specialize any valuation ν_0 of R to a rational valuation.

Remark. We may, at each step in the preceding construction, choose a discrete divisorial valuation; then the transcendence degree of the residual valuation drops exactly by one at each step, while the height of the value group increases exactly by one since the value group of V is the kernel of the map Φ_{ν1} → Φ_{ν0} . Finally we have:

h(ν_t) = h(ν_0) + t_{kR} (ν_0),

and since h(ν_t) ≤ r(ν_t), in order to prove Abhyankar’s inequality in this case it suffices to check that r(ν) ≤ dimR when R_ν dominates R, but this is readily done, at least in the algebraic or formal case, if we present the fraction field K of R as an algebraic extension of a field of rational functions of transcendence degree dimR over k_R, since extending valuations to algebraic extensions does not affect the rational rank. This suggests a proof of Abhyankar’s inequality, not very different from that described in [V].

3.7 Monomial valuations

This section explains in what sense the liftings (ξ_i)_{i∈I} of generators (ξ_i)_{i∈I} of the graded R/(m_ν ∩ R)-algebra gr_ν R form a system of coordinates “adapted” to the valuation. The idea is that, at least in the case of trivial residual extension, valuations which are monomial in a certain system of coordinates are exactly those which can be uniformized by a single toric modification of the ambiant space in which this system of coordinates embeds our singularity.

Given a valuation ν of a local or graded ring R, we generalize the definition given in [S 2] for a regular local ring as follows

Definition. The valuation ν of the local (or graded) ring R is monomial with respect to some system of generators (ξ_i)_{i∈I} of the center m_ν ∩ R of ν in R if (ξ_i)_{i∈I} is a generating sequence for ν in the sense (see [S 2]) that any element x ∈ R can be written as a finite sum x = ∑ ν(ξ^γ)≥ν(x) c_γ ξ^γ with γ ∈ I^b, for some b ∈ N, c_γ ∈ R. In particular, ν(x) = min_γ (ν(ξ^γ)).

This is equivalent to asking that for each ϕ ∈ Φ_+ the ideal P_ϕ(R) is generated by monomials in the (ξ_i)_{i∈I} , and also to the fact that the initial forms (ξ_i)_{i∈I} in gr_ν R of the elements (ξ_i)_{i∈I} generate it as R/(m_ν ∩ R)-algebra. In particular, the valuation ν is monomial with respect to a finite set of generators of m_ν ∩ R if and only if the R/(m_ν ∩ R)-algebra gr_ν R is finitely generated.

Example. 1) Let (S, m) be a regular local ring and ν be a valuation of S having the property of the above definition with respect to a system of regular parameters (ξ_0, . . . , ξ_n) of S. If we denote by R_ϕ the ideal of R generated by the monomials in (ξ_0, . . . , ξ_n) of valuation ≥ ϕ, we have x ∈ R_{ν(x)} and therefore ν is monomial in the sense of [S 2].

2) If R is the algebra of a plane analytic branch C, and ν its unique valuation, then ν is monomial with respect to two well chosen generators of the maximal ideal of R if and only if C has only one characteristic pair (see [G-T], [T1]).

Proposition 3.12. Let R be an integral domain and ν a valuation on R, i.e., R ⊂ R_ν. Set p = m_ν ∩ R. The valuation ν_{gr} on gr_ν R is monomial with respect to any system of homogeneous generators (ξ_i)_{i∈I} of the graded R/p-algebra gr_ν R.

Proof. by the definition of ν_{gr}, it suffices to check the definition for homogeneous elements. Every homogeneous element x_ϕ can be written as a finite sum of monomials of the same degree x_ϕ = ∑ γ c_γ ξ^γ with c_γ ∈ R/p and ν_{gr}(c_γ ξ^γ ) = ϕ, as required. ⟲

4 The graded algebras of valuation rings

In this section I show that the graded ring gr_ν R_ν is the direct limit of graded algebras (or subalgebras) smooth over the residue field k_ν of the valuation. This means that it is “regular”, and hence can be deemed to be a resolution of singularities of the algebra gr_νR, if we forget for a moment that gr_νR_ν is not an extension of finite type of gr_ν R, and remember only that they have the same field of fractions.

It turns out that the result for gr_νR_ν is equivalent to its counterpart for k[t^{Φ+} ] where k is any field. This should not surprise us since we saw that gr_ν R_ν should be “equisingular” with k_ν[t^{Φ+} ].

The result for k[t^{Φ+} ] in turn follows from the stronger statement that the semigroup Φ_+ is a direct limit of a system of linear maps between finitely generated free monoids, which will give us toric maps between the corresponding polynomial algebras.

We are going to see that this is true, even with finitely generated free submonoids, whenever Φ is of finite height.

4.1 gr_ν R_ν as a limit of polynomial algebras

We begin with an example: the case when Φ = Z^d with the lexicographic order.

Indeed, consider for each (d − 1)-uple (r_1, r_2, . . . , r_{d−1}) of positive integers the map e_{r1 ,r2 ,... ,rd−1} : N^d → Z^d defined by e_{r1 ,r2,... ,rd−1} (i_1, . . . , i_d) = (i_1, i_2 − r_1i_1, . . . , i_d − r_{d−1}i_{d−1}); its image is in the semigroup Z^d_+ of positive elements, and it is injective. It defines an injective map e_{r1 ,r2 ,... ,rd−1} : k[z_1, . . . , z_d] → k[t^{Zd+} ], and clearly this last algebra is the union of these subalgebras as r_1, r_2, . . . , r_{d−1} vary. Note that whenever (r_1, r_2, . . . , r_{d−1}) ≤ (s_1, s_2, . . . , s_{d−1}) in the sense that r_j ≤ s_j , 1 ≤ j ≤ d − 1, there is a map of algebras k[z_1, . . . , z_d] → k[w_1, . . . , w_d] which is toric, i.e., given by monomials, and that k[t^{Zd+} ] is the direct limit of this system of toric maps.

When Φ is a subgroup of R, consisting of numbers of the form of the form Σ^m_{i=1}a_iτ_i with given τ_i > 0 and a_i ∈ Z, it is also true that k[t^{Φ+} ] is a direct limit of polynomial subalgebras over k. This is again because the half space in R^m defined by Σ^m_{i=1}r_iτ_i ≥ 0 can be approximated by regular rational simplicial cones (generated by integral vectors which form a basis of the integral lattice).

More precisely, let ν be a valuation of height one, i.e., with archimedian value group Φ ⊂ R (see [A], [Z-S], Vol. II). Assume first that Φ is generated by m rationally independent positive real numbers τ_1, . . . , τ_m. We use the Perron algorithm as expounded in ([Z 1], B. I, p. 861), but with a somewhat different interpretation. The algorithm consists in writing

τ_1 = τ^{(1)}_m , τ_2 = τ^{(1)}_1 + a^{(0)}_2 τ^{(1)}_m , . . . , τ_m = τ^{(1)}_{m−1} + a^{(0)}_m τ^{(1)}_m ,

where a^{(0)}_j = [τ_j/τ_1], j = 2, . . . , m,

and repeating this operation after replacing (τ_1, . . . , τ_m) by (τ^{(1)}_1 , . . . , τ^{(1)}_m ), and so on. After h steps, one has written

τ_i = A^{(h)}_i τ^{(h)}_1 + · · · + A^{(h+m−1)}_i τ^{(h)}_m

or, if we denote by w the (weight) vector (τ_1, . . . , τ_m) ∈ R^m and by A^{(h)} the vector (A^{(h)}_1 , . . . , A^{(h)}_m ),

w = τ^{(h)}_1 A^{(h)} + τ^{(h)}_2 A^{(h+1)} + · · · + τ^{(h)}_m A^{(h+m−1)}

where the τ^{(h)}_j are positive, the coefficients A^{(j)}_i are non negative integers, and the matrix of the vectors A^{(h)}, A^{(h+1)}, . . . , A^{(h+m−1)} has determinant (−1)^{h(m−1)}. Moreover, the directions in P^{m−1}(R) of the vectors A^{(h)} tend to the direction of w. So we have a sequence of vectors A^{(h)} with positive integral coordinates (becoming longer and longer) whose directions in P^{m−1}(R) spiral to the direction of w and such that any consecutive m of them as above form a basis of the integral lattice such that w is contained in the convex cone σ^{(h)} = ⟨A^{(h)}, A^{(h+1)}, . . . , A^{(h+m−1)}⟩ which they generate. The convex dual σ̌^{(h)} of σ^{(h)} (see [Cox], §2, [E], V, 2, p. 149) is contained in the half space ∑_m j=1 a_j τ_j ≥ 0, the integral points of which form the semigroup Φ_+. The algebra of the semigroup σ̌^{(h)} ∩ Z^m is a polynomial algebra k[x^{(h)}_1 , . . . , x^{(h)}_m ] (loc.cit., VI,2) contained in k[t^{Φ+} ], and since by assumption there are no integral points on the hyperplane ∑_m j=1 a_iτ_i = 0 except the origin, the semigroup Φ_+ is the union of the σ̌^{(h)} ∩ Z^m as h → ∞. This proves that k[t^{Φ+} ] is the union, or direct limit, of these polynomial subalgebras.

Note that by construction we have for each h ≥ 1 the equality

A^{(h)} − A^{(h+m)} + a^{(h)}_2 A^{(h+1)} + · · · + a^{(h)}_m A^{(h+m−1)} = 0,

which shows, since the a^{(h)}_j = [τ^{(h)}_j /τ^{(h)}_1 ] are non-negative, that we have A^{(h+m)} ∈ σ^{(h)} = ⟨A^{(h)}, . . . , A^{(h+m−1)}⟩ and therefore σ^{(h+1)} ⊂ σ^{(h)}, that is σ̌^{(h)} ⊂ σ̌^{(h+1)} and

k[x^{(h)}_1 , . . . , x^{(h)}_m ] ⊂ k[x^{(h+1)}_1 , . . . , x^{(h+1)}_m ],

so that our direct system is in fact a nested sequence of polynomial subalgebras.

If we now consider a group with one more generator τ_{m+1} > 0 which is rationally dependent on τ_1, . . . , τ_m, Zariski shows in ([Z 1], B. I, p. 862) that the new weight vector w = (τ_1, . . . , τ_m, τ_{m+1}) ∈ R^{m+1} is contained in a rational simplicial cone σ ⊂ R^{m+1} generated by m integral vectors of the first quadrant forming part of a basis of the integral lattice. Indeed w is contained in a unique rational hyperplane. The dual cone σ̌ ⊂ Ř^{m+1} is the product of an m dimensional strictly convex cone by a 1-dimensional vector space (see [E], V, 2) generated by an integral vector which is the dual of the rational hyperplane containing w. Note that the map f : Z^{m+1} → R defined by (a_1, . . . , a_{m+1}) → ∑_{m+1} i=1 a_iτ_i is no longer injective; the primitive vector corresponding to the variable x_{m+1} is in the kernel. Let us set ~Φ_+ = f^{−1}(Φ_+ ∪ {0}). By refining as above by the Perron algorithm for w inside the linear span < σ > of σ, starting with the barycentric coordinates of w in σ, we find a sequence of regular simplicial cones σ^{(h)} ⊂ σ whose duals σ̌^{(h)} ⊂ ~Φ_+ correspond ([E], VI, Th. 2.12) to algebras of the form k[x^{(h)}_1 , . . . , x^{(h)}_m , x^{±1}_{m+1}] ⊂ k[t^{~Φ+} ]. The free semigroups σ̌^{(h)} ∩ Z^{m+1} fill up ~Φ_+ as h → ∞ since the only rational points of the hyperplane ∑_{m+1} j=1 a_j τ_j = 0 are on the dual of the hyperplane containing w, which is contained in all the σ̌^{(h)}. So the direct limit of the images of the maps k[t^f ] : k[x^{(h)}_1 , . . . , x^{(h)}_m , x^{±1}_{m+1}] → k[t^{Φ+} ] is k[t^{Φ+} ]. But these images are isomorphic to k[x^{(h)}_1 , . . . , x^{(h)}_m , x^{±1}_{m+1}]/(x_{m+1} − 1) so that they are again polynomial rings k[x^{(h)}_1 , . . . , x^{(h)}_m ]. If we have more generators rationally dependent on τ_1, . . . , τ_m, we can repeat the argument after taking as new generators the coordinates of the weight vector with respect to the m primitive vectors of σ. In both examples, the fact that k is a field plays no role, so we have proved:

Lemma 4.1. Let Φ be a totally ordered finitely generated group of height one (i.e., archimedian), or Z^d with the lexicographic order. For any ring A the semigroup algebra A[t^{Φ+} ] of Φ_+ with coefficients in A is the direct limit of a direct system of graded subalgebras which are polynomial algebras A[x_1, . . . , x_m] over A with m = r(Φ).

Moreover, the maps between these algebras are toric maps, i.e., each variable of one is sent to a monomial in the variables of the other, and there is a cofinal subsystem which is a chain of nested subalgebras.

Remark. 1) Here and in the sequel, for simplicity’s sake I write A[t^{Φ+} ] for what should properly be written A[t^{Φ+∪{0}}].

2) In both cases, the smooth subalgebras are produced by an algorithm. 3) The result, especially in view of its algorithmic nature, is much more useful than its consequence that SpecA[t^{Φ+} ] is a pro-object in the category of smooth affine toric schemes over SpecA with toric maps.

4) The proof also shows that the semigroup algebra of the semigroup

~Φ_+ = {(a_1, . . . , a_m, a_{m+1}, . . . , a_{m+r} ) ∈ Z^{m+r} | m+r∑ i=1 a_iτ_i ≥ 0}, where τ_1, . . . , τ_m are rationally independent and the others are rationally dependent upon them, is a toric direct limit of toric subalgebras of the form A[x_1, . . . , x_m, x^{±1}_{m+1}, . . . , x^{±1}_{m+r} ]. 5) The result for subgroups of R holds without the finiteness assumption if we allow m to vary, since any abelian group is a direct limit of its subgroups of finite type.

Let now Φ be a totally ordered group of finite height h > 1. We have a surjective monotone non-decreasing map λ : Φ → Φ_1 where Φ_1 is of height h − 1, and the kernel Ψ of λ is of height 1. By induction on the height we may assume that Φ_{1+} is the union of sub-semigroups isomorphic to N^m, and we know from the lemma above that the same is true for Ψ_+.

Let us denote the semigroups that fill Φ_{1+} by F_i, and let F̃_i ⊂ Φ_+ be the subsemigroup generated by elements e_1, . . . , e_{ri} which lift to Φ_+ the generators of F_i. Similarly let us denote by G_j ⊂ Ψ_+ free semigroups which fill Ψ_+, generated say by f_1, . . . , f_{sj} . Note that for ϕ ∈ Φ_+, ψ ∈ Ψ, ϕ + ψ ∈ Φ_+ ∪ {0}, and consider for r_is_j -tuples n = (n_{s,t}, 1 ≤ s ≤ r_i, 1 ≤ t ≤ s_j ) of non negative integers, the free semigroups F̃_i(n) ⊂ Φ_+ ∪ {0} generated by e_1 − ∑ t n_{1t}f_t, . . . , e_{ri} − ∑ t n_{rit}f_t. Let us check that the direct sums of free semigroups F̃_i(n) ⊕ G_j fill up Φ_+; the proof is similar to the proof in the case of the lexicographic Z^d. Given ϕ ∈ Φ_+, there exists an index i and a ϕ_1 ∈ F̃_i such that ϕ − ϕ_1 ∈ Ψ. If we have ϕ − ϕ_1 ∈ Ψ_+, there exists an index j such that ϕ − ϕ_1 ∈ G_j so that indeed we have ϕ ∈ F̃_i ⊕ G_j. This happens in particular if ϕ ∈ Ψ. If ϕ − ϕ_1 ∈ Ψ_−, there exists an index j such that we can write ϕ = r_i∑

i=1 k_ie_i − s_j∑

j=1 ℓ_jf_j with non negative integers k_i, ℓ_j .

Since ϕ /∈ Ψ, at least one of the k_i is not zero, say k_1. Choosing positive integers ℓ̃_j such that k_1ℓ̃_j > ℓ_j , we may rewrite ϕ as follows

ϕ = k_1(e_1 − s_j∑

j=1 ℓ̃_j f_j) + r_i∑

i=2 k_ie_i + s_j∑

j=1 (k_1ℓ̃_j − ℓ_j )f_j .

This shows that ϕ is indeed in F̃_i(n) ⊕ G_j with n = ℓ̃.

Now if we assume, as we may by induction, that the F_i and G_j are nested sequences, and choose n(i) given by (n_{s,t} = i, 1 ≤ s ≤ r_i, 1 ≤ t ≤ s_j), we see that the corresponding groups F̃_i(n(i)) ⊕ G_i form a nested sequence which is cofinal in the direct system. So we have:

Proposition 4.2. For any totally ordered group Φ of finite height, and any commutative ring A, the semigroup algebra A[t^{Φ+} ] is a direct limit of a direct system of graded polynomial subalgebras over A with monomial maps, and there are cofinal nested subsystems of such polynomial subalgebras. If Φ is of finite rational rank r(Φ), all the polynomial subalgebras may be chosen isomorphic to A[x_1, . . . , xr_{(Φ)}].

Proof. There remains only to prove the last sentence. This is done by induction on the height; we have shown above that the result is true for valuations of height one. Assume that the result is true for Ψ and Φ_1, and so the rank of the free monoid F̃_i(n) ⊕ G_j is the sum of the rational ranks of Ψ and Φ_1. But since the rational rank is additive in an exact sequence because Q is a flat Z-module, this is the rational rank of Φ. ⟲

Here and in the sequel, the notation V^m stands for the monomial V^{m1}_1 . . . V^{ms}_s with m_i ∈ N ∪ {0}.

Corollary. If the rational rank of Φ is finite, the semigroup algebra A[t^{Φ+} ] is a quotient of a polynomial ring over A in countably many indeterminates A[(V_j)_{j∈J} ] by a binomial ideal of the form (V_j − V^{m(j)})_{j∈J} ′ for some J^′ ⊂ J, with |m(j)| ≥ 2.

Proof. If we pick a system of homogeneous generators of the A-algebra A[t^{Φ+} ], each of them must appear in one of the polynomial subalgebras of which A[t^{Φ+} ] is the direct limit, and we may assume that it appears as one of the generators of that algebra. The only relations between these generators are those corresponding to the toric inclusions A[x_1, . . . , x_r] → A[y_1, . . . , y_r], and they are of the announced type after we discard the trivial relations x_i = y_j by removing some generators. ⟲

Remark. We can apply this to the subalgebra k[v^{Φ+} ] of A_ν (R), and view the v^ϕ as coordinates linked by the binomial relations described in this Corollary. I will take the liberty to treat the v^ϕ as “coordinates” for Speck[v^{Φ+} ].

Proposition 4.3. Given the ring R_ν of a valuation of finite rational rank r(ν): a) the graded k_ν-algebra gr_νR_ν is a quotient of a polynomial ring k_ν [(V_j)_{j∈J} ] in countably many indeterminates over the residue field k_ν by a binomial ideal of the form (V_j − λ_j V^{m(j)})_{j∈J} ′ , λ_j ∈ k^∗_ν for some J^′ ⊂ J, with |m(j)| ≥ 2.

b) The graded k_ν-algebra gr_νR_ν is the union of a nested sequence of graded polynomial subalgebras k_ν[x^{(h)}_1 , . . . , x^{(h)}_{r(ν)}], where the inclusions are given by maps sending

each variable x^{(h)}_i to a constant times a monomial in the x^{(h+1)}_j , 1 ≤ j ≤ r(ν).

Proof. See Proposition 4.2 and the previous Corollary. We will see in Proposition 6.2 that gr_ν R_ν is isomorphic to a quotient of a polynomial algebra k[(V_i)_{i∈I} ] by a binomial ideal whose generators are of the form V^m − λ_{mn}V^n. Setting all the constants λ_{mn} equal to one gives the semigroup algebra k[t^{Φ+} ], hence assertion a). Assertion b) follows from this and the correspondence between the direct system of polynomial subalgebras and the binomial equations exhibited in the proof of the Corollary to Proposition 4.2. ⟲

It is a way to check that gr_νR_ν is “regular” over k_ν; in some sense, all the equations have independent linear terms. This is not strictly true since the same V_j may appear linearly in infinitely many equations of the form V_j − λ_jV^{′m′ (j)} = 0. However, the proof shows that all these equations eventually become the same after substituting monomials in V^{′′} for some of the variables V^′, so that they may be thought of as one equation.

Remark. It is important to note that the direct system built in this way is rather precisely determined by Φ; we shall see on the next examples that at least in dimension two the structure of the binomial equations, or equivalently that of the direct system of polynomial subalgebras converging to gr_ν R_ν, reflects the structure of the system of points in birational modifications of SpecR corresponding to the valuation ν, as well as the height and rational rank of ν.

Problem It is an interesting problem to make these correspondences precise, especially in dimensions ≥ 3. A very useful reference for dimension two is [A2].

Corollary. The dimension of gr_ν R_ν is at most r(ν).

Proof. Let (0) = p_0 ⊂ p_1 ⊂ · · · ⊂ p_d be a chain of distinct prime ideals of gr_ν R_ν. Choose elements y_i ∈ p_i \ p_{i−1}. There is an integer h such that the subalgebra k_ν [x^{(h)}_1 , . . . , x^{(h)}_r ] contains all the y_j . The intersections p_i ∩ k_ν [x^{(h)}_1 , . . . , x^{(h)}_r ] are then distinct, so we must have d ≤ r. ⟲

Remark. We have seen in the remark following Proposition 3.7 that in fact equality holds. It would be nice to have a simple proof of the inequality dimgr_νR_ν ≥ r(ν).

4.2 A selection of examples

Example. 1) We give a slightly different proof of the fact, which we saw at the beginning of this section, that the algebra of the semigroup Z^d_+ for the lexicographic order is a toric union of polynomial algebras; the relation between the two proofs is the idea for the induction on the height shown above. Let Φ be Z^d with the lexicographic order; the semigroup Φ_+ is generated by the following elements e^{(1)}_j = (1, −j, 0, . . . , 0), e^{(2)}_j = (0, 1, −j, . . . , 0), . . . , e^{(d−1)}_j = (0, 0, . . . , 1, −j), e^{(d)}_0 = (0, 0, . . . , 0, 1) for j = 0, 1, 2, . . .. To check this, we proceed by induction on d; the case d = 1 is obvious, so let d ≥ 2 and ϕ = (a_1, . . . , a_d) ∈ Z^d_+. If we have a_1 = 0 we are reduced to Z^{d−1}, so we may assume a_1 > 0. If a_2 ≥ 0, we may write ϕ = a_1e^{(1)}_0 + (0, a_2, . . . , a_d) and we are again reduced to the case of Z^{d−1}. If a_2 < 0, let ℓ be the smallest positive integer such that ℓa_1 + a_2 ≥ 0; we can write ϕ = a_1e^{(1)}_ℓ + (0, ℓa_1 + a_2, a_3, . . . , a_d) and again we may conclude by induction. It is easy to check, again by induction, that the relations are generated by e^{(i)}_j = e^{(i)}_{j+1} + e^{(i+1)}_0 for 1 ≤ i ≤ d − 1, j ≥ 0. The semigroup algebra A[t^{Zd+} ] is isomorphic to

A[(V^{(1)}_{j1} )_{j1∈N0} , . . . , (V^{(d−1)}_{jd−1} )_{jd−1 ∈N0} , V^{(d)}_0 ]/ ( (V^{(i)}_j − V^{(i)}_{j+1}V^{(i+1)}_0 )_{j∈N0,1≤i≤d−1} ) , where N_0 = N ∪ {0}. Note that from these equations we can read the fact that the valuation is of height d; they show that for each (i, j), 1 ≤ i ≤ d − 1, j ≥ 1 and each integer n we have V^{(i)}_j = V^{(i)}_{j+n}(V^{(i+1)}_0 )^n, so that the value in Φ_+ of V^{(i)}_j is greater than n times the value of V^{(i+1)}_0 for all n ≥ 1. This implies the existence of d − 1 non trivial convex subgroups of Φ; since we know that h(Φ) ≤ r(Φ), we have h(Φ) = d.

In particular, for d = 2, we see that A[t^{Z2+} ] = A[W, V_0, V_1, . . . , V_j, . . .]/ ( (V_j − W V_{j+1})_{j∈N∪{0}} ) . Upon taking A = k, a field, we see that it corresponds to the sequence of infinitely near points in the plane A^2(k) obtained by endlessly repeating the following process: blow up the origin of an ordered set of coordinates (u_1, u_2), choose the chart of the blow up where the ideal (u_1, u_2) is generated by u_1, and in this chart, with coordinates (u_1, u_2/u_1), blow up the origin. We see that the direct limit of the monomial maps k[u_1, u_2] → k[u_1, u_2/u_1] obtained by repeating this operation is k[t^{Z2+} ] presented as above, with V_j = u_2u^{−j}_1 , W = u_1.

By the correspondence between sequences of points in blowing ups and valuations ([V]), this sequence of points corresponds to a valuation ν of the local ring R = k[u, v]_{(u,v)}, the monomial valuation in the coordinates (u, v) with value group Z^2, lex determined by ν(u) = (1, 0), ν(v) = (0, 1). The graded algebra gr_νR_ν is equal to k[t^{Z2+} ]. The valuation ν is monomial with respect to the coordinates (u, v), so that we have gr_ν R = k[U, V ], where U, V are the initial forms of u, v. It can be deemed to mean that the vanishing of a polynomial P ∈ k[u, v] at the infinitely near points determined by the valuation depends only on the smallest of the valuations of the monomials which it contains. Things are quite similar for d > 2. 2) Given a positive real number τ , let us denote by

τ = [s_1, s_2, . . . , s_i, s_{i+1}, . . . ] = s_1 + 1 s_2 + · · ·

its continued fraction expansion. Let p_i/q_i = [s_1, . . . , s_i] be the i-th approximant. Using the inductive relations

p_{i+1} = p_{i−1} + s_{i+1}p_i, q_{i+1} = q_{i−1} + s_{i+1}q_i with p_0 = 1, q_0 = 0, p_1 = s_1, q_1 = 1,

the reader will see that Perron’s algorithm produces the vectors A^{(h)} = (p_h, q_h) ∈ R^2 for h ≥ 1. If Φ denotes the subgroup of R generated by (1, τ ), the algorithm gives the following presentation, for any commutative ring A

A[t^{Φ+} ] = A[(V_i)_{i∈N}]/ ( (V_i − V^{si}_{i+1}V_{i+2})_{i∈N} ) . It is equivalent to say that it presents A[t^{Φ+} ] as the direct limit of the maps

A[V_i, V_{i+1}] → A[V_{i+1}, V_{i+2}] given by V_i → V^{si}_{i+1}V_{i+2}, V_{i+1} → V_{i+1}.

We shall see below in example 3) the interpretation of these maps in terms of blowing ups, the corresponding valuation of k[u, v]_{(u,v)} and the graded algebra of its valuation ring.

3) Recall the examples given in [Z-S]. Vol.2, Chap. VI, §15, p.102: let k be a field, {s_1, s_2, . . .} a sequence of positive integers such that the products s_1s_2 · · · s_i tend to infinity with i, and {c_1, c_2, . . .} a sequence of elements of k^∗. We define an infinite sequence of elements v_i in k(u, v) by

v_1 = u, v_2 = v, . . . , v_{i+2} = v_i − c_iv^{si}_{i+1} v^{si}_{i+1} , . . . .

Setting R_i = k[v_{i−1}, v_i], m_i = (v_{i−1}, v_i)R_i, Zariski shows that the ring

R_ν = ∞⋃ i=2 (R_i)_{mi} is the valuation ring of a valuation ν of k(u, v) with value group

Φ = { n s_1 · · · s_k , n ∈ Z, k = 1, 2, . . .}, that is, all rational numbers whose denominator is a product of s_i’s. As ν(v_{i+2}) > 0, we have ν(v_i − c_iv^{si}_{i+1}) > ν(v^{si}_{i+1}), so that it is not difficult to see that the graded algebra of R_ν is given by gr_νR_ν = k[V_1, V_2, . . . , V_i, . . .]/ ( (V_i − c_iV^{si}_{i+1})_{i≥1} ) . One checks that the elements ( (v_i)_{i≥1} ) generate the maximal ideal of R_ν, and their initial forms generate the k-algebra gr_νR_ν . Note that this valuation is not monomial for R = k[u, v]_{(u,v)} with respect to the coordinates (u, v). In fact it is an interesting exercise to begin to compute gr_ν R as a subalgebra of gr_ν R_ν in this case.

Set R = k[u, v]_{(u,v)}. Let us set u_1 = u, u_2 = v ; from the equations defining the v_i, we see that ν(u_1) = 1, ν(u_2) =^1_{s1} and u^{s1}_2 − c^{−1}_1 u_1 = c^{−1}_1 u^{s1}_2 v_3 ∈ R, We set u_3 = c^{−1}_1 u^{s1}_2 v_3, so we have the following equation defining u_3

u^{s1}_2 − c^{−1}_1 u_1 = u_3,

and we see similarly that u^{s2}_3 − c^{−1}_2 u^{s1s2+1}_2 = −c^{−1}_2 u^{s2}_3 v_4 ∈ R. We set u_4 = −c^{−1}_2 u^{s2}_3 v_4 and so we have the equation

u^{s2}_3 − c^{−1}_2 u^{s1s2+1}_2 = u_4

defining u_4, and so on. The minimal system of generators of the semigroup Γ corresponding to the values of ν on R begins with

Γ = ⟨ 1 s_1

, 1, 1 + 1 s_1s_2

, s_2 + 1 s_1 + 1 s_1s_2s_3 , . . . ⟩. Here we must note the following important fact: the equations defining inductively the u_j are of the form u^{sj−1}_j − d_ju^{ℓ(j)1}_1 . . . u^ℓ (j) j−1 j−1 = u_{j+1} with d_j ∈ k^∗, and the term on the right of the equation has greater valuation than the monomials appearing in the left hand side. When we compute gr_ν R from these equations, using the remark following proposition 3.7, all the right-hand sides disappear because they have greater valuation, and in particular the first equation gives a relation U^{s1}_2 − c^{−1}_1 U_1 = 0 between the initial forms of u_1 and of u_2, which decreases the Krull dimension of gr_νR to one in agreement with Piltant’s theorem. In the ring R the first equation is captured, via its right-hand side u_3, in an abyssal^4 sequence of relations, and never gets a chance to decrease the dimension of R by one. If we stopped after a finite number of steps, setting u_{j+1} = 0, or u_{j+1} = P (u_1, . . . , u_j) where P is any polynomial, the dimension would decrease to one.

This example displays for us a basic phenomenon: the decrease of dimension of the special fiber in the specialization of R to gr_νR in the case where Abhyankar’s inequality is strict. Moreover, in both rings, all variables of index ≥ 3 are algebraically dependent upon u_1, u_2, but in gr_νR these two variables are dependent, while in R they are independent and all others are polynomials in them, which shows “from the equations” that R is regular of dimension two.

Let us now come back to gr_ν R_ν. Since the rational rank of Φ is one, we expect the k-algebra gr_ν R_ν to be the direct limit of polynomial algebras in one variable, and indeed one sees easily that it is the direct limit of the system of monomial maps k[V_i] → k[V_{i+1}] given by V_i → c_iV^{si}_{i+1}.

While doing this, we have also presented the semigroup algebra of the semigroup Φ_+ as A[t^{Φ+} ] = A[(V_i)_{i∈N}]/ ( (V_i − V^{si}_{i+1})_{i≥1} ) . We can describe the valuation in terms of blowing-ups as follows: in k^2 with ordered coordinates (v_1, v_2), we perform the following sequence of steps. Step 1: reverse the order of coordinates.

Step 2: blow-up the origin and localize in the chart where v_2, now the first coordinate, generates the ideal (v_1, v_2), taking as coordinates (v_2, v_1v^{−1}_2 ). Step 3: repeat this second step s_1 − 1 times.

Step 4: change the second coordinate so that the point with coordinate c_1 on the axis of the second coordinate (the exceptional divisor just created) is the origin of coordinates, and localize at this point.

Repeat from step 1, replacing (s_1, c_1) by (s_2, c_2), and so on.

The valuation corresponds to the sequence of infinitely near points obtained in this way.

According to ([Z-S], Vol. 2, p. 104), any subgroup Φ of the additive group Q of rational numbers can be obtained in this manner.

This applies in particular to Φ = Q, obtained by taking s_i = i ∀ i ≥ 1.

Another construction of valuations whose value groups are given subgroups of Q is given by Zariski in [Z3], p.648, which leads to the distinction between those prime numbers which divide only a finite number of the s_i’s and those which divide an infinite number of them. If we worked over a field whose characteristic belongs to the second group and tried to effectively build inductively elements like the v_i by

4From the Greek meaning without bottom.

solving equations of the type c_iv^{si}_{i+1} − v_i + · · · = 0, we would run into substantial difficulties. However, this is not at all what we do here; we only use the direct system as a means to approximate gr_ν R_ν by polynomial subalgebras. One may ask what happens if, in the sequence of steps just described, one makes no translation; it amounts to setting all the c_i equal to zero. Since the equations describing the formation of the v_i are

v_i = v^{si}_{i+1}(c_i + v_{i+2}),

we see that the graded algebra of our new valuation ν_0 becomes

gr_{ν0} R_{ν0} = k[V_1, V_2, . . . , V_i, . . . ]/ ( (V_i − V^{si}_{i+1}V_{i+2})_{i∈N} ) . It follows from what we saw in example 2) that our valuation is the monomial valuation of height one and rational rank two defined by ν_0(u) = 1, ν_0(v) = τ , where τ is the number with continued fraction expansion τ = [s_1, s_2, . . . , s_i, s_{i+1}, . . . ]. Its value group is Φ_τ = Z + Zτ ⊂ R with the order induced by that of R.

In particular, the valuations with value group Q constructed above become, upon setting all the c_i equal to zero, the rank two monomial valuation corresponding to ν(u) = 1, ν(v) = ρ, where ρ = [1, 2, 3, . . . , i, i + 1, . . . ]. Problem. It would be interesting if, given any rational valuation ν of a nœtherian local integral domain R, one could specialize it (in the sense used just above, which differs from the usual one) to a valuation of R of rational rank equal to the dimension of R. Heuristically this means we can always “suppress the translations” continuously. As we shall see in Section 5 it is reasonable to try first for a valuation ν_0 of rational rank equal to the dimension of the ν_0-adic completion of R. Can one use the results of [A2] to verify this statement in dimension two?

In [Z3], Zariski gives yet another construction, also found in [McL-S], of valuations on k[u, v]_{(u,v)} with a value group Φ ⊂ Q given in advance. Let k[[u^{Q+} ]] be the ring of power series with exponents forming a well ordered subset of Q_+, and with the same s_i as above, given a sequence of integers m_i and a sequence of elements d_i ∈ k^∗, consider the series

v(u) = d_1u^{m1s1} + d_2u^{m2s1s2} + · · · + d_ju mj s1...sj + · · · ; The map u → u, v → v(u) induces an injection

k[u, v]_{(u,v)} ⊂ k[[u^{Q+} ]]

and the u-adic valuation induces on k(u, v) a valuation having as group of values the group of rational numbers whose denominator is a product of s_i’s.

5 Completion problems

In this section I show that the ν-adic completion of a nœtherian analytically unramified local ring R has many of the nice properties of m-adic completions; it is nœtherian, henselian, and in the equicharacteristic case admits a field of representatives. Although completions of valued fields are a classical topic, the algebraic structure of the ν-adic completions of nœtherian rings do not seem to have been much studied. Perhaps the reason is that the nœtherian hypothesis is not natural from the viewpoint of the theory of valued fields, while completions other than those with respect to an ideal are not commonplace in algebraic geometry. The method of proof is to reduce to the case of valuations of height one by considering the residual valuations in a sequence of composed valuations. I also show how to specialize the ν-adic completion of R to the ν_{gr}-adic completion of gr_ν R by a suitable completion of the valuation algebra, and how to find a coordinate system and equations for the ring of this specialization.

5.1 The ν-adic completion of R

In general, even if the local ring R has a field of representatives, it is not possible to lift generators of the graded algebra gr_ν R to generators of R; we need a hypothesis of completeness (see [B3], Chap. III). The arguments using the fact that a deformation preserves smoothness and transversality also use some form of the implicit function theorem, or Hensel’s Lemma, the validity of which is another attribute of complete rings. This leads us to the study of the completion of a ring R with respect to the (P_ϕ)_{ϕ∈Φ+} -filtration. We note that the quotients R/P_ϕ form a countable projective system since the semigroup Φ_+ is countable and totally ordered. One can then define the ν-adic completion of R as

R̂^ν = lim ←− ϕ∈Φ_+ R/P_ϕ.

There is a natural map R → R̂^ν , which is injective since the filtration is separated. The valuation ν has a canonical extension ν̂ to a valuation of R̂^ν with values in Φ. To see this it is enough to apply directly the explicit form of the definition of the ν-adic completion as a subset of the product of the quotients R/P_ϕ. We note that R̂^ν is the closure of R in the completion K̂ of its field of fractions with respect to the topology T_ν defined by ν (see [B3], Chap VI, §5, No. 3). In particular, we have

R_{ν̂} = R̂^ν .

One sees also immediately that if we set P̂_ϕ = {x ∈ R̂^ν | ν̂(x) ≥ ϕ}, P̂^+_ϕ = {x ∈ R̂^ν | ν̂(x) > ϕ}, they are respectively the closure of P_ϕ, P^+_ϕ in R̂^ν ([B3], Chap. VI, §5 No. 2) and the natural inclusion P_ϕ/P^+_ϕ ⊂ P̂_ϕ/P̂^+_ϕ is an equality, so that the inclusion R ⊂ R̂^ν induces an isomorphism gr_ν R = gr_{ν̂}R̂^ν.

Moreover, the same description shows that if p is a prime ideal of R, its closure in R̂^ν is a prime ideal, and clearly if p̂ is a prime ideal of R̂^ν , its intersection p̂ ∩ R is a prime ideal of R.

We note that the semigroup of values ν̂(R̂^ν \ {0}) ⊂ Φ_+ is the same as that of ν on R, and so is well ordered when R is nœtherian (Proposition 3.8).

Let us assume that R is a nœtherian local ring with maximal ideal m and ν is a valuation of K of height one such that its valuation ring R_ν contains R. Set p = m_ν ∩ R; since R is nœtherian, we have ν(p) > 0, say ν(p) = ϕ_0, and since ν is of height one, its group Φ is archimedian, so that for any ϕ ∈ Φ there exists an integer N (ϕ) such that N (ϕ)ϕ_0 ≥ ϕ, that is p^{N(ϕ)} ⊂ P_ϕ. Then we have a projective system of surjective maps R/p^{N(ϕ)} → R/P_ϕ, which induces a continuous morphism of completions R̂^p → R̂^ν , where R̂^p is the completion of R for the p-adic topology. Since R̂^ν is an integral domain, the kernel of this map is a prime ideal H ⊂ R̂^p. By the definition of completions, this kernel is ⋂ ϕ∈Φ_+ PϕR̂ p, so that in the case where ν is of height one and R_ν dominates R, i.e., p = m, it coincides with the ideal called the implicit ideal of R̂ by Spivakovsky ([S2]). In any case, we have the following:

Lemma 5.1. For a valuation ν of height one on an analytically irreducible nœtherian local ring R, with the notations introduced above, the natural injection R̂^p/H → R̂^ν is an isomorphism of topological rings. If the center of ν in R is the maximal ideal, we may drop the assumption that R is analytically irreducible.

Proof. By ([B3], Chap. III, §3, No.4, Prop.8), the ring R̂^p/H is local (with maximal ideal m̂ = mR̂^p/H) and nœtherian, as a quotient of a ring having these properties. Moreover, the injection R̂^p/H ⊂ R̂^ν implies that the valuation ν extends to R̂^p/H as a valuation ν̂ of height one. The valuation ν is still ≥ 0 on the localization R_p, and so we have a morphism of completions R̂^{pRp}_p /H_p ⊂ R̂^ν_p. Let us replace R by R_p for a moment, so that p is the maximal ideal m. By [Z-S], Vol. 2, Appendix 3, Lemma 3 p. 343, the distinct valuation ideals (i.e., our P_ϕ(R̂^m/H) written without repetition) form a simple infinite descending chain of ideals which are primary for the maximal ideal m̂ of R̂^m/H and have intersection zero. We denote them by P̂_j. Now we can apply

Chevalley’s Theorem ([Z-S], Vol. 2, Chap. VIII, §5, Th. 13, p. 270), which asserts that there exists an integer-valued function s(n) tending to infinity with n and such that for each valuation ideal P̂_j, we have P̂_j ⊂ m̂^{s(j)}. This, added to the fact that the P̂_j are primary for m̂, proves that in the ring R̂^m/H the ν̂-adic topology coincides with the m̂-adic topology, so that it is complete for both, and therefore has to be equal to R̂^ν.

Now coming back to the case where the center of ν is not necessarily m, this shows that in R we have the inclusions P_j ⊂ p^{(s(j))}, where p^{(k)} denotes the symbolic power p^{(k)} = p^kR_p ∩ R. Consider the prime ideals q containing p. If we know that for all such ideals having height ≤ k − 1 the q^{(n)}-topology coincides with the q^n topology, then by ([Z-S], Chap VIII, §5, Cor. to Theorem 14, page 276), the q^{(n)}-completion of R is a subring of the m-adic completion R̂^m, which is a local nœtherian integral domain by assumption, and so is an integral domain. Now we may apply ([Z-S], Chap VIII, §5, Cor. 5 p. 275) to prove that for all prime ideals q having height ≤ k the q^{(n)}-topology coincides with the q^n-topology. In the case where the height of p is one, by Abyankar’s inequality (see [V]), the valuation is necessarily of height one so that its value group is Z and the topology which it defines on R_p is the same as the pR_p-adic topology of that ring and so the topology it defines on R is that of the p^{(n)}. But because of the archimedian property this topology coincides with that of the p^n. By this induction we see that since R is analytically irreducible, the topology defined by the symbolic powers of p coincides with the p-adic topology. This gives the result in the general case. ⟲

Remark. 1) This shows that the ring R̂/H to which Spivakovsky extends the valuation ν in the special case of a valuation of height one such that R_ν dominates R is nothing but R̂^ν .

2) In particular if R is local nœtherian, its completion R̂^p for the p-adic topology is a nœtherian ring ([B3], Chap. III, §3, No.4, Prop.8), and so if R is analytically irreducible, for every rank one valuation ν of the field of fractions of R whose valuation ring contains R, the completion R̂^ν of R for the ν-adic valuation is nœtherian; as a topological ring it is in fact a Zariski ring with respect to the center of the valuation ν̂.

Proposition 5.2. Let R be an analytically irreducible nœtherian local ring contained in a valuation ring R_ν of its field of fractions. The completion R̂^ν is a nœtherian ring, which is isomorphic to the completion R̂^{ν1} of R with respect to the height one valuation ν_1 with which the valuation ν is composed, and is a quotient of the p-adic completion of R, where p is the center of ν_1 in R.

Proof. We saw above that is true for valuations of height one. Because of Abhyankar’s inequality, the valuation ν is of finite height. Let us assume that h(ν) > 1. By assumption we have a surjective monotone map λ : Φ → Φ_1 with Φ_1 of height one and Kerλ of height h − 1, a maximal isolated subgroup of Φ.

Denote by ν_1 the valuation λ ∘ ν. Then we have the inclusion P_ϕ ⊂ P_{λ(ϕ)}. Whenever ϕ_1 > λ(ϕ), we have P_{ϕ1} ⊂ P_ϕ ⊂ P_{λ(ϕ)}, which shows that the ν-adic topology on R coincides with the ν_1-adic topology, hence the equality of the completions. We are thus reduced to the case of height one treated above, and we see that the completion R̂^ν is a quotient of the completion of R with respect to the (m_{ν1} ∩ R)-adic filtration, hence is a nœtherian ring. ⟲

Remark. 1) In a nœtherian domain R with a non negative valuation ν, the ideal of elements of R which are topologically nilpotent with respect to the ν-adic topology is the center in R of the rank one valuation with which ν is composed.

2) The equality of the topologies determined on a nœtherian ring by two valuations, one of which is composed with the other, is well known; a more precise result can be found in [Z-S], Vol. 2, Lemma 4 of Appendix 3, p. 344.

Corollary. Given a local nœtherian analytically irreducible ring R and a valuation ν of its field of fractions, non negative on R, if ν is composed with a valuation ν_1, the natural map of completions R̂^ν −→ R̂^ν1 induced by the inclusions P_ϕ ⊂ P_{λ(ϕ)} is an isomorphism of topological nœtherian rings. In particular, the valuation ν_1 extends to a valuation ν̂_1 on R̂^ν .

Corollary. If R is an analytically irreducible excellent local ring, for any valuation ν of its field of fractions which is non negative on R, the ring R̂^ν is excellent.

Proof. By Proposition 5.2, the ν-adic completion R̂^ν is a quotient of the completion R̂p of the local ring R with respect to an ideal, so it is excellent as a quotient of an excellent ring (see [Ro1], [Ro2]). ⟲

Corollary. Abhyankar’s inequality can be made slightly more precise; with the notations of section 3, we have:

r(ν) + t_{kR} (ν) ≤ dimR̂^ν ≤ dimR.

When trying to understand how to complete some non-nœtherian rings, essentially semigroup algebras, one encounters questions such as this

Question. (Compare with [Ka]) Let A be a commutative ring and Γ the value semigroup of a valuation of height one on a nœtherian ring R. Is it true that the completion of the semigroup algebra A[t^Γ] with respect to the topology deduced from the canonical valuation ν( ∑ a_ϕt^ϕ) = min{ϕ|a_ϕ ≠ 0} is the ring of power series A[[t^Γ]] in the sense of [McL-S]? What about height > 1? Remark that A[[t^Γ]], which a priori is only a group, is a ring, since in Γ there are only finitely many ways to write an element as a sum of other elements (because Γ is well ordered by Proposition 3.8; see [Ka], [B2], [C-G], Theorem 1), so that we can multiply two series.

Example. 1) Take the usual example of a rank one valuation not satisfying Abhyankar’s equality (see above and [Z-S], Chap VI, §15, Example 2, [S1], [S2]): let k be a field, and take R = k[u, v]_{(u,v)} so that R̂ = k[[u, v]]. Let f(u, v) = u− ∑ a_iv^i ∈ R̂ be such that it is transcendental over R. Define a valuation ν on R by means of the injective map R → k[[t]] determined by v → t , u → ∑ a_it^i. The residual transcendence degree of ν is 0 and its rational rank is one. The completion R̂^ν is isomorphic to the quotient k[[u, v]]/(f); it is one-dimensional. This shows that the injective map R → R̂^ν is not flat in general. Note that we could have taken an irreducible element f ∈ k[[u, v]] in the maximal ideal and not algebraic over k[u, v] and the composed map k[u, v]_{(u,v)} → k[[u, v]]/(f) → k[[t]] where the last is the normalization.

2) On the same ring R, consider the valuation ν with value group Z^2 ordered lexicographically, which attributes value (1, 0) to u, value (0, 1) to v, and such that the valuation of a sum of monomials is the infimum of the valuations of these monomials. There is a natural monotone surjective map λ = pr_1 : Z^2 → Z, hence a valuation ν_1, by the u-adic order. The ideal P_{(i,j)} is the product ideal u^i(u, v^j ) of R, while the ideal P_i for ν_1 is (u^i). Since (u^{i+1}) ⊂ u^i(u, v^j ) ⊂ (u^i), these two filtrations define the same topology on R, so that in this case,

R̂^ν = R̂^ν1 .

Remark that the residual ideal (P_{(i,j)} : P_i) = (u, v^j) is a simple ν-ideal in R in the sense of Zariski’s theory (see [Z-S], Vol.2, Appendix 3).

In this case, the completions of k[u, v]_{(u,v)} with respect to ν and ν_1 are isomorphic to ^ k[u, v]_{(u,v)}^ν = lim←− i≥0 k[u, v]_{(u,v)}/(u)^i; the ideal p is (u)k[u, v]_{(u,v)} and the ideal H is zero.

3) (a non-discrete case) Let Φ ⊂ Q be a group ordered by the order of Q. Consider the formal power series ring k[[t^{Φ+} ]] with coeficients in k and exponents in Φ_+, such that the set of their exponents is a well ordered subset of Φ_+ (see [Ka]). This ring is naturally equipped with the t-adic valuation. Choose series without constant term y_i(t) ∈ k[[t^{Φ+} ]], 1 ≤ i ≤ r and let R be the sub k-algebra of k[[t^{Φ+} ]] generated by y_1(t), . . . , y_r(t). Since R is a nœtherian ring, the semigroup Γ = ν(R \ {0}) is well ordered (Proposition 3.8), so that we can find a countable minimal system of generators for the semigroup Γ (see section 6 below): Γ = ⟨γ_1, γ_2, . . . , γ_i, . . . ⟩. Since R is the image of a morphism k[Y_1, . . . , Y_r] → k[[t^{Φ+} ]] determined by Y_i → y_i(t), we may attribute to Y_i the valuation ν(y_i(t)), and define ideals P̃_ϕ ⊂ k[Y_1, . . . , Y_r] consisting of those elements whose image in k[[t^Φ+ ]] has valuation ≥ ϕ. The sequence of these ideals is indexed by the γ_i. Our map extends, by substitution in formal power series, to a map k[[Y_1, . . . , Y_r]] → k[[t^{Φ+} ]], with a certain kernel H, which describes the formal relations between the y_i(t). By lemma 5.1, the completion R̂^ν is the image of this map.

Let R be as in Proposition 5.2, and let ι : R → R̂^ν be the completion morphism. Let ν_1 be a valuation with which ν is composed, and denote by ν̂_1 its extension to R̂^ν according to the first Corollary. Denote by ν the residual valuation on R/(m_{ν1} ∩ R). After subsection 3.4, we know that the ν-adic topology on R/(m_{ν1} ∩ R) is the quotient of the ν-adic topology of R. Then we have:^5

Proposition 5.3. The morphism

R/(m_{ν1} ∩ R) → R̂^ν /(m_{ν̂1} ∩ R̂^ν )

induced by ι is the completion morphism of the first ring with respect to the ν-adic topology, quotient of the ν-adic topology of R.

Proof. Since R is nœtherian, the value semigroup Γ of ν on R is well ordered (Proposition 3.8), so that the the ν-adic topology may be defined by a decreasing chain of ideals. Moreover, if δ_1 denotes the smallest non-zero element of Γ_1 = ν_1(R\ {0}), which is also well ordered, the ideal m_{ν1} ∩ R is equal to {x ∈ R | ν_1(x) ≥ δ_1}, so that its closure in R̂^ν is m_{ν̂1} ∩ R̂^ν. Now we can apply Theorem 8.1, page 56 of [Ma], which states the equality we seek. ⟲

Proposition 5.4. Let R_ν ⊂ R_{ν1} ⊂ · · · ⊂ R_{νs} be a sequence of consecutive composed valuations, all composed with ν. Given a local subring R ⊂ R_ν with the same field of fractions, let ν̂_i be the extension to R̂^ν of the valuation ν_i (see the first Corollary to Proposition 5.2) and let m_{ν̂s} ∩ R̂^ν ⊆ · · · ⊆ m_{ν̂1} ∩ R̂^ν ⊆ m_{ν̂} be the corresponding sequence of prime ideals of R̂^ν . Each pair (R̂^ν , m_{ν̂i} ∩ R̂^ν) is henselian. In particular, the local ring (R̂^ν , m̂) is henselian.

Proof. We may extend the sequence of consecutive valuation rings to the right of R_{νs} until we reach the ring of the valuation of height one ν_{h−1} with which ν is composed.

Notice first the by definition of restricted power series, for m_{ν̂j} ∩ R̂^ν ⊆ m_{ν̂j−1} ∩ R̂^ν, the natural map of polynomial rings extends to a map of rings of restricted power series ( R̂^ν /(m_{ν̂j} ∩ R̂^ν )){X} → (R̂^ν/(m_{ν̂j−1} ∩ R̂^ν)){X}. We prove that (R̂^ν , m_{ν̂i} ∩ R̂^ν ) satisfies Hensel’s Lemma in the sense of Bourbaki (cf [B3], Chap. 3, §4, No.3), which we now recall.

5In the classical theory of the completion of valued fields, it is the ν-adic completions of the valuation rings which play a role, more or less explicitely. They are not nœtherian in general, and a result such as this Proposition is not true; I believe this led to the introduction of complétion par étages; see [Ri].

Let F ∈ R̂^ν {X} be a restricted power series, and assume that the image of F modulo m_{ν̂i} ∩ R̂^ν , denoted by F , admits a factorization F = P .Q, where P ∈ (^ R^ν /(m_{ν̂i} ∩ R̂^ν) ) [X] is a unitary polynomial, and Q a restricted power series Q ∈ (^ R^ν /(m_{ν̂j−1} ∩ R̂^ν) ) {X}, with P , Q strongly relatively prime. Then they lift in a unique way to a unitary polynomial P ∈ R̂^ν [X] and a restricted power series Q ∈ R̂^ν{X}, strongly relatively prime, such that F = P.Q. If F is a polynomial, so is Q.

To prove this, note that the ideals m_{ν̂k} ∩ R̂^ν are closed for the ν̂_k-adic topologies, which all coincide. By Theorem 1 of the quoted paragraph of [B3], the result is true for ν_{h−1}, which is a valuation of height one, since the elements of m_{ν̂h−1} ∩ R̂^ν are topologically nilpotent as we saw in Remark 1) following Proposition 5.2. To prove the general case, it suffices to note that the statement is amenable to induction on the height and that if h(ν_{j−1}) > 1, there is a unique (up to isomorphism) valuation ν_j of R which is the immediate successor of ν_{j−1}. The valuation induced by ν̂_{j−1} on the quotient ring R̂^ν/(m_{ν̂j} ∩ R̂^ν ) is of height at most one, according to Section 3.5. Assuming that we have a decomposition in (^ R^ν/(m_{ν̂j−1} ∩ R̂^ν ) ) {X} as in Hensel’s lemma, by using the case of height one, we can lift it to a decomposition in (^ R^ν /(m_{ν̂j} ∩ R̂^ν ) ) {X}, and continue this until we have a decomposition in (^ R^ν /p̂ ) {X}, where p̂ is the center of the valuation ν̂_{h−1} of height one with which ν̂ is composed, and we are reduced to the case of height one. The last sentence is proved by applying this result to a valuation ν which dominates (R, m), which is possible by subsection 3.6. ⟲

Another consequence of the nœtherianity of R̂^ν is the existence of a field of representatives for the completions R̂^ν in the equicharacteristic case.

Proposition 5.5. Let R be a nœtherian equicharacteristic analytically irreducible local ring, and ν a valuation of its field of fractions, non negative on R. The completion of R for the ν-adic topology admits a field of representatives.

Proof. We keep the notations introduced above, but now we use the results of subsection 3.6 to produce a sequence of consecutive specializations of the valuation ν having a center in R, of the form R ⊂ R_{ν0} ⊂ R_{ν1} ⊂ · · · ⊂ R_{νj} = R_ν and such that R_{ν0} dominates R. We can extend it to the right until we reach the valuation ring of the valuation of height one ν_{h−1} with which ν is composed. We have a sequence of quotient rings

R̂^ν /(m_{ν̂h−1} ∩ R̂^ν) → · · · → R̂^ν /(m_{ν̂1} ∩ R̂^ν ) → R̂^ν /(m_{ν̂0} ∩ R̂^ν ) = k_R,

where some of the maps may be isomorphisms. We need the following

Lemma 5.6. Let S be a nœtherian equicharacteristic local ring and I an ideal of S. Assume that the quotient S/I admits a field of representatives and that S is complete for the I-adic topology. Then S admits a field of representatives.

Proof. This follows from Cohen’s Theorem as found in [Z-S], Vol. 2, Chap. VIII, §12 after making the following remark.

Let I be an ideal of S such that S/I admits a field of representatives. Let ϕ : S → S/I be the natural map. Set B = ϕ^{−1}(k), where k ⊂ S/I is a field of representatives. We have I = m ∩ B, where m is the maximal ideal of S. It follows from this that B is closed in S for the I-adic topology, so that it is complete for its m_B = m ∩ B-adic topology, and by Cohen’s Theorem it has a field of representatives, which is also a field of representatives for S. ⟲

We apply the lemma to the maps R̂^ν /(m_{ν̂j} ∩ R̂^ν) → R̂^ν/(m_{ν̂j−1} ∩ R̂^ν). Each of them satisfies the hypotheses of the Lemma since by subsection 3.5 the valuation induced by ν̂_{j−1} on R̂^ν /(m_{ν̂j} ∩ R̂^ν) is of height at most one, and so the residual topology, for which this ring is complete, coincides with the (m_{ν̂j−1} ∩ R̂ν )/(m_{ν̂j} ∩ R̂ν )-adic topology. So we can step by step lift k to a field of represen-

tatives of R̂^ν/(m_{ν̂h−1} ∩ R̂^ν ). Since the valuation ν_{h−1} is of height one, the ring R̂^ν is complete for the p̂-adic topology, where p̂ = m_{ν̂h−1} ∩ R̂^ν and we can apply the lemma one last time to lift the field of representatives to R̂^ν. ⟲

Question. Can one extend this result to the case where R is not equicharacteristic, to prove the existence of an injection W (k) → R̂^ν for a nœtherian analytically irreducible local ring R of unequal characteristic with a perfect residue field k and a valuation ν, where W (k) is the ring of Witt vectors relative to the residue field k of S ([B3], Chap. IX, §§1,2, [Ei], Chap.7)?

Let us go back to the notations of the beginning of this subsection, and write R̂^ν = R̂^p/H according to Proposition 5.2. We have:

Proposition 5.7. (Spivakovsky [S2]) If the local ring R is excellent, the localization R̂^p_H is regular.

Proof. Since the map R → R̂^ν is injective, we have H ∩ R = (0) so that R̂^p_H is a localization of the ring R̂^p ⊗_R K, where K is the field of fractions of R. It suffices to prove that this tensor product is regular. By ([EGA], Scholie 7.8.3, (v)), if R is excellent, the map SpecR̂^p → SpecR is regular. Our tensor product corresponds to the generic fiber of this map, so it is regular. ⟲

5.2 The ν_A-adic completion of A_ν (R)

The ν-adic completion will play an important role in the sequel, for the reasons explained in the introduction. In addition, we need to specialize the ring R̂^ν to its associated graded ring in a way which is controlled by the generators of the graded algebra. The tool to do this is the completion of A_ν (R) with respect to the filtration given by ν_A. It is described by

Proposition 5.8. In the situation of 5.1, the completion ^A_ν (R)^{νA} is the closure of A_{ν̂} (R̂^ν ) in the algebra of restricted power series R̂^ν{v^Φ} defined by

R̂^ν{v^Φ} = lim ←− ϕ∈Φ_+ (R/P_ϕ)[v^Φ].

Proof. This follows from the definitions, the fact that S_δ = P_δR[v^Φ] ∩ A_ν (R) and [B4], Chap II, §3, No. 9, Cor.1. ⟲

Note that the closure in R̂^ν of P_ϕ is P̂_ϕ and that, with the notations of 1.3, we have: ^ A_ν(R)^{νA} = lim←− δ∈Φ_+ A_ν (R)/S_δ = lim←− δ∈Φ_+ ⨁ ϕ∈Φ ( P_ϕ(R)/P_ϕ(R) ∩ P_δ(R) ) v^{−ϕ}.

So we may view ^A_ν (R)^{νA} as the subring of the R̂^ν-module R̂^ν[[v^Φ]] of formal power series ∑ x_ϕv^{−ϕ}, consisting of power series ∑ x_ϕv^{−ϕ} such that ν̂(x_ϕ) ≥ ϕ and which are restricted, i.e., such that for any ψ ∈ Φ_+, all but a finite number of the coefficients x_ϕ are in P_ψ. This last condition implies that when we formally multiply two series ( ∑ x_ϕv^{−ϕ} )( ∑ x_ψv^{−ψ} ) = ∑ η∈Φ ( ∑ ϕ+ψ=η x_ϕy_ψ ) v^{−η} ,

the coefficient of v^{−η} is a convergent series in R̂^ν .

Lemma 5.9. The closure (v^{Φ+} ) ^ A_ν (R)^{νA} in ^ A_ν(R)^{νA} of the ideal (v^{Φ+} ) ^A_ν (R)^{νA} is the set of series ∑ x_ϕv^{−ϕ} ∈ ^A_ν(R)^{νA} such that ν̂(x_ϕ) > ϕ.

Proof. The proof follows immediately from 5.8. ⟲

Definition. With the notations of §1.4, let us define on the model of ([B4], exerc. 27 for §2) the algebra ^ A_ν(R)^{νA} {(v^{Φ+} )^{−1}} = lim←− δ∈Φ_+ (v^{Φ+} )^{−1}A_ν (R)/S_δ = ^A_{ν̂}(R̂^ν ) ν̂_Â {(v^{Φ+} )^{−1}}.

This ring is also the Hausdorff completion of (v^{Φ+} )^{−1}A_ν(R) for the topology having as a fundamental system of neighborhoods the (v^{Φ+} )^{−1}P_δ. We follow Bourbaki’s convention according to which writing A{S^{−1}} entails the completion of A, i.e., A{S^{−1}} = Â{S^{′−1}} where S^′ is the image of S in Â. The inclusion A_ν(R) −→ A_ν (R){(v^{Φ+} )^{−1}} is universal with respect to continuous maps A_ν (R) → B for linearly topologized Hausdorff and complete rings B such that the images in B of the elements of the multiplicative set (v^{Φ+} ) are invertible.

We also consider the Hausdorff completion ^gr_νR of the graded algebra gr_ν R with respect to the valuation ν_{gr}.

According to the general properties of completions of linearly topologized modules ([Ma], Prop. in 23.I, p.167), the completion of ^A_ν (R)^{νA} /(v^{Φ+} ) ^A_ν (R)^{νA} for the

quotient topology is ^A_ν (R)^{νA} /(v^{Φ+} ) ^A_ν (R)^{νA} ; it is also the completion, for the quotient topology, of A_ν (R)/(v^{Φ+} )A_ν (R). We can now state

Proposition 5.10. a) The natural map

A_ν (R) −→ gr_νR

defined by x_ϕv^{−ϕ} → x_ϕ mod.P^+_ϕ (R)

induces an isomorphism of filtered rings ^ A_ν (R)^{νA} /(v^{Φ+} ) ^A_ν (R)^{νA} −→ ^gr_ν R.

b) The natural inclusion R[v^{Φ+} ] −→ A obtained by considering only the part of negative degree ( i.e., ϕ ∈ Φ_−) of A induces an isomorphism

R[v^{Φ+} ]{(v^{Φ+} )^{−1}} = R̂^ν{v^{Φ+} }{(v^{Φ+} )^{−1}} −→ ^A_ν (R)^{νA} {(v^{Φ+} )^{−1}}.

Here, as above, R̂^ν {v^{Φ+} } denotes the ring of restricted power series in v^ϕ, ϕ ∈ Φ_+ and coefficients in R̂^ν.

c) Given a homomorphism ϕ → c(ϕ) from Φ to the multiplicative group of units of R, it induces a surjection ^A_ν (R)^{νA} → R̂^ν defined by ∑ x_ϕv^{−ϕ} → ∑ x_ϕc(−ϕ). The kernel of this surjection is the closure of the ideal ( (v^ϕ − c(ϕ))_{ϕ∈Φ+} ) ^ A_ν(R)^{νA} .

Proof. Part a) follows from 5.8 and the general facts on completion, and Part b) follows from 2.1 and the remark following definition 5.2. Part c) follows from 2.1 which contains the fact that the corresponding result for A_ν(R) is true. ⟲

Corollary. If ν is composed with a valuation ν_1, according to a surjective monotone non-decreasing group homomorphism λ : Φ → Φ_1, setting Ψ = Kerλ, we have: ^ A_{ν1} (R)^{ν1,A} = ^A_ν(R)^{νA} / ( (v^ψ − 1)_{ψ∈Ψ+} ) , where as usual the bar denotes the closure.

Proof. This follows from Proposition 5.8 and the fact that in view of 5.1 the continuous map R̂^ν{v^Φ} → R̂^{ν1} {v^{Φ1} } is surjective and its kernel is the ideal ((v^ψ − 1)_{ψ∈Ψ+} ). ⟲

In fact this corollary is the generalization to valuation algebras of the first corollary of Proposition 5.2.

In spite of the fact that none of this applies when ν_1 is the trivial valuation, we have: ^ A_ν (R)^{νA} / ( (v^ϕ − 1)_{ϕ∈Φ+} ) = R̂^ν, because the natural map A_ν(R) −→ R with kernel (v^ϕ − 1)_{ϕ∈Φ+} is continuous not only when R has the trivial topology given by the trivial valuation, but also when R has the ν-adic topology.

Assuming now, as we did in subsection 2.3, that R is a k-algebra for some field k, we have:

Proposition 5.11. *The k[v^{Φ+} ]-algebra ^A_ν(R)^{νA} is faithfully flat.*

Proof. This is proved exactly like Proposition 2.2 but we have to accept infinite sums ∑ y_{kψ}v^{−ψ} and an infinite-dimensional vector space V in R̂^ν but everything is convergent in ^A_ν (R)^{νA} . ⟲

We remark here that since ν is trivial on k, we have k[v^{Φ+} ] = k{v^{Φ+} }.

In any case, we shall see below why it is for the family

Spec ^

A_ν (R)^{νA} → Speck[v^{Φ+} ]

that we may indeed hope to have simultaneous embedded uniformization; the k[v^{Φ+} ]-algebra ^A_ν(R)^{νA} is a quotient of the completion of k[v^{Φ+} ][(u_i)_{i∈I} ], which corresponds to a simultaneous embedding of its fibers. This will put us in a position to apply the implicit function theorem to extend the uniformization of ν_{gr} on gr_ν R to R̂^ν .

5.3 The specialization of R̂^ν to ^gr_ν R

In this subsection, we assume that R_ν is the ring of a rational valuation of an analytically irreducible equicharacteristic nœtherian local ring R. If we fix a field of representatives k of R̂^ν according to Proposition 5.5 and take a system of generators (ξ_i)_{i∈I} of the k-algebra gr_ν R = gr_{ν̂}R̂^ν, where k = R/m = R/(m_ν ∩ R), we wish to lift them to generators of R̂^ν, in the following sense

Lemma 5.12. Assume that the valuation ν is of height one. Lift the ξ_i to elements ξ_i ∈ R̂^ν . The k-algebra k[(ξ_i)_{i∈I} ] is dense in R̂^ν for the ν̂-adic topology.

Proof. This follows from Lemma 5.1; we retain its notations, remarking that our assumption implies that ν is trivial on k. If we pick x ∈ R̂^ν , its ν̂-adic initial form is in gr_νR, and therefore in_{ν̂}x = P_1(ξ_i) , P_1 ∈ k[(X_i)_{i∈I} ]. Abbreviating (ξ_i)_{i∈I} to (ξ), we set x^{(0)} = x, x^{(1)} = x − P_1(ξ), and iterate this process. We have for all j ≥ 1 the inequality ν̂(x^{(j+1)}) > ν̂(x^{(j)}) and thus ν̂(x^{(j+1)} − x^{(j)}) = ν̂(x^{(j)}). Now remark that since R̂^ν is nœtherian by Lemma 5.1, the valuation ν̂(m̂) is > 0, and since ν̂ is of height one, for any ϕ ∈ Φ_+ there is an integer N (ϕ) such that m̂^{N(ϕ)} ⊂ P_ϕ. Then there are only finitely many distinct P_ϕ′ containing P_ϕ, so that in a finite number of steps we have ν̂(x^{(j+1)}) > ϕ, which proves that the sequence x^{(j)} converges to x, and the Lemma. ⟲

Remark. A priori, it could happen that the valuations of the differences x − ∑_r j=1 P_j(ξ) increase at each step of the construction but remain bounded in the semigroup Φ_+.

Assume now that the height of ν is finite. We assume until the end of this subsection that R is local and complete for the ν-adic topology.

Let us consider a valuation ν_1 of height h(ν) − 1 with which ν is composed. We keep the notations of Lemma 3.10. Let us choose a system of generators (ξ_i)_{i∈I} of the k-algebra gr_ν R. We may choose them in such a way that those among them whose degree is in Ψ_+ generate the k-algebra gr_νR_1, where R_1 = R/(m_{ν1} ∩ R). Note that if m_{ν1} ∩ R = m_ν ∩ R, there are no such generators, and R_1 = R. Let ξ = (ξ_i)_{i∈I} be a system of representatives in R of the (ξ_i)_{i∈I} . Given ϕ_1 ∈ Φ_{1,+}, we have, whenever λ(ϕ) = ϕ_1 (see Lemma 3.10)

P^+_{ϕ1} ⊂ P_ϕ ⊂ P_{ϕ1} ,

and because ν is of height one, it is shown in [Z-S], Appendix 3, lemmas 4 and its corollary, that there are only finitely many ideals P_ϕ′ between P_{ϕ1} and P_ϕ. Moreover, the ideals P_ϕ between P_{ϕ1} and P^+_{ϕ1} form at worst ( i.e., if the centers of ν and ν_1 are different) a simple infinite sequence, and the ideals m^q.P_{ϕ1} are cofinal in this sequence, where m is the maximal ideal of R.

Given x ∈ R, we define inductively x^{(1)} = x − P_0((ξ)_{i∈I} ), where in_ν(x) = P_0((ξ_i)_{i∈I} ) and x^{(j+1)} = x^{(j)} − P_i((ξ)_{i∈I} ), where in_ν (x^{(j}) = P_i(ξ). By construction, we have x − ∑_j k=0 P_k(ξ) = x^{(j+1)} and ν(x^{(j+1)}) > ν(x^{(j)}). But this does not imply that the series ∑_j k=0 P_k(ξ) converges to x in the ν-adic topology, since it may well happen that ν(x^{(j+1)}) remains bounded in Φ as j → ∞. To find a sequence z^{(j)} of elements in k[(ξ)] such that ν(x − z^{(j)}) tends to infinity with j, it suffices to show that ν_1(x − z^{(j)}) tends to infinity in Φ_{1+}. Let us consider the case where ν(x − z^{(j)}) increases at each step but ν_1(x − z^{(j)}) is constant, say equal to ϕ_1. We look at the initial forms of x − z^{(j)} in (gr_{ν1} R)_{ϕ1} . Their index in the P(ϕ_1)-filtration increases at each step, and therefore so does the index of z^{(j+1)} − z^{(j)}. Because ν is of height one, it follows from the results quoted above that the in_{ν1} (z^{(j)}) converge in (gr_{ν1} R)_{ϕ1} for its m-adic topology as an R_1-module, which coincides with the topology corresponding to the P(ϕ_1)-filtration. Indeed, we assume that R is complete for the ν-adic topology, so R_1 is also complete by Proposition 5.3 for its m-adic topology and the ν-adic topology, which coincide, and (gr_{ν1} R)_{ϕ1} is an R_1-module of finite type, so it is also complete ([B3], Chap. III, §2, No. 12, Cor.1). Take z^{(j)} = x − x^{(j+1)} and let z ∈ (gr_{ν1} R)_{ϕ1} be the limit of this sequence. Let us pick a representative z ∈ R of z. We have that in_{ν1} (x − z) = Lim_{i→∞}in_{ν1} (x − z^{(j)}) = 0, so that ν_1(x − z) > ν_1(x). Let us now choose generators (ζ_k)_{k∈K} for the R_1-algebra gr_{ν1} R and lift them to R as (ζ_k)_{k∈K} . Since the valuation ν on R_1 is of rank one, we know that if we choose generators (η̃_ℓ)_{ℓ∈L} in R whose images in gr_ν R generate it as a k-algebra, the subalgebra k[(η̃_ℓ)_{ℓ∈L}] is dense in R_1 for the ν-adic topology, which coincides with the mtopology.

Note moreover that because ν_{gr} is a monomial valuation (see 3.7), the k-algebra R_1 is also the completion of k[(η̃_ℓ)_{ℓ∈L}] for the topology corresponding to the monomial valuation giving value ν(η_ℓ) to η_ℓ. Thus, we can approximate x for the ν-adic topology by a sequence of elements z_h ∈ R, each of which is obtained as above by an infinite process from a polynomial algebra. We call this situation “density in scales”^6 for the polynomial ring k[(η_ℓ)_{ℓ∈L}; (ζ_k)_{k∈K} ], and it suggests a redefinition of completion in the general case.

Example. Let k be a field, let R be a complete nœtherian local k-algebra with residue field k, and let f ∈ R generate a prime ideal. We go back to example 3.4 and its notations. Let x ∈ R be of the form x = ∞∑ i=ℓ a_if^i with a_i /∈ (f).

We have ν_1(x) = ℓ and its ν-initial form is (in_ν a_ℓ)ξ^ℓ. In general the a_i will not be polynomials in the liftings (ξ_i) to R of the generators of gr_ν R, so that we will

6F.-V. Kuhlmann has shown to me that this idea was related to Kaplansky’s pseudo-Cauchy sequences ([Ka]) and Ribenboim’s notion of “complet par étages” ([Ri]) in the theory of completion of valued fields. The problem is the same, but I did not compare the two definitions; there is a major difference in that I work with nœtherian rings.

have, denoting by ã_i a lifting of in_ν a_i which is a polynomial in the (ξ_i),

x − ĩn_ν x = (a_ℓ − ã_ℓ)f^ℓ + · · ·

and the ν_1-value will not have changed. However, if we can approximate a_ℓ in R by a sequence of polynomials in k[(ξ_i)_{i∈I1} ], we will find as limit element z of a sequence of polynomials, with the notations of Remark 5.3 above, the element a_ℓf^ℓ. Then we have to repeat the process with the next term.

Let R be an analytically irreducible nœtherian local ring with a field of representatives k, and ν a k-valuation of finite height of its field of fractions, positive on R and whose center is the maximal ideal m of R. Let (ξ_i)_{i∈I} be a set of elements of R whose images in gr_ν R generate it as a k-algebra. Consider the set of isolated subgroups of the value group Φ of ν

(0) = Ψ_h ⊂ Ψ_{h−1} ⊂ · · · ⊂ Ψ_k ⊂ · · · ⊂ Ψ_1 ⊂ Ψ_0 = Φ,

and the corresponding valuations ν_k with value group Φ/Ψ_k indexed by their height. Let p_t ⊂ p_{t−1} ⊂ · · · ⊂ p_1 ⊂ m

be the sequence of the distinct centers of the valuations ν_k in R. Let us partition the set I as follows: I = ⋃_h k=1 I_k where I_k = {i ∈ I | ν(ξ_i) ∈ Ψ_{h−k} \ Ψ_{h−k+1}}, remarking that some of the sets I_k may be empty. Let us also define the following sequence of rings

R̂_1 = k[(ξ_i)_{i∈I1} ]^{^ ν̃1} , . . . , R̂_k = R̂_{k−1}[(ξ_i)_{i∈Ik} ]^{^ ν̃}k , . . . , R̂_h = R̂_{h−1}[(ξ_i)_{i∈Ih} ]^{^ ν̃}h ,

where ν̃_k is the monomial valuation on R̂_{k−1}[(ξ_i)_{i∈Ik} ] with values in Ψ_{h−k}/Ψ_{h−k+1} defined by ν̃_k( ∑ a_αξ^α) = min(ν̃_k(ξ^α)), and the hat means the completion.

We may identify R̂_1 with a subring of R̂^ν , namely the closure of k[(ξ_i)_{i∈I1} ] in R̂^ν for the topology defined by the filtration by the ideals (P_ψ)_{ψ∈Ψh−1} . Indeed, we can check that an element of R̂^ν/(m_{ν̂k} ∩ R̂^ν), which is in the closure of k[(ξ_i)_{i∈I1} ], lifts uniquely to an element of this closure in R̂^ν , and we have seen in Proposition 3.12 that the valuation ν_1 is monomial with respect to the (ξ_i)_{i∈I1} . We can continue and identify inductively R̂_k to the closure of R̂_{k−1}[(ξ_i)_{i∈Ik} ] in R̂^ν for the topology defined by the filtration by the ideals (P_ψ)_{ψ∈Ψh−k} . So we may identify in a natural way all the R̂_k with subrings of R̂^ν.

Definition. We say that k[(ξ_i)_{i∈I} ] is dense-in-scales in R̂^ν for the ν̂-adic topology if R̂_h is equal to R̂^ν .

Proposition 5.13. Let R_ν be the ring of a rational valuation of an analytically irreducible equicharacteristic nœtherian local ring R. If we fix a field of representatives k of R̂^ν according to Proposition 5.5 and take a system of generators (ξ_i)_{i∈I} of the k-algebra gr_ν R = gr_{ν̂}R̂^ν , where k = R/m = R/(m_ν ∩ R) and if the images in gr_ν R of the (ξ_i)_{i∈I} generate it as a k-algebra, the algebra k[(ξ_i)_{i∈I} ] is dense-in-scales in R̂^ν for the ν̂-adic topology.

Proof. We have to prove that given x ∈ R̂^ν , there is a sequence (r_j)_{j∈N} of elements of R̂_{h−1}[(ξ_i)_{i∈Ih} ] converging to x in the ν̃_h-adic topology. Define the sequence of x^{(j)} and P_j(ξ_i) as in the proof of Lemma 5.1, and let us build from it a sequence (r_j )_{j∈N} of elements of R̂_{h−1}[(ξ_i)_{i∈Ih} ] such that the valuations ν(x − r_j ) exceed, for large j, any ϕ ∈ Φ_+ given in advance. Let s be the least integer such that for infinitely many values of the integer j we have ν_s(x^{(j+1)}) > ν_s(x^{(j)}). If s = 1, since the valuation ν_1 is of height one, for any ϕ_1 ∈ Φ_{1+}, after finitely many steps we have ν_1(x^{(j)}) > ϕ_1, hence for any ϕ ∈ Φ_+, after finitely many steps we have ν(x^{(j)}) > ϕ, so we may take r_j = x^{(j)} and get ν(x − ∑_{j−1} r=0 P_r (ξ_i)) > ϕ and this shows that x ∈ R̂_h. If s > 1, by definition, there exists a j_0 such that ν_{s−1}(x^{(j+1)}) = ν_{s−1}(x^{(j)}) for j ≥ j_0. By substracting from x a polynomial in the ξ_i, we may assume that j_0 = 1.

Note that the center of ν_{s−1} is necessarily distinct from the center of ν_s, since if the two centers are equal, there are only finitely many distinct ν_s-ideals between two consecutive ν_{s−1}-ideals of R, according to [Z-S], Vol. II, Appendix 3, Corollary p.345.

We consider the initial forms in_{νs−1} x^{(j)} ∈ gr_{νs−1} R; for j ≥ j_0, they all have the same degree, say ϕ_{s−1}. Since the residual valuation ν_s on R/(m_{νs−1} ∩ R) is of rank one, with group Ψ_{s−1}/Ψ_s, and each homogeneous component of gr_{νs−1} R is a R/(m_{νs−1} ∩ R)-module of finite type, the sequence of the initial forms in_{νs−1} (x − x^{(i)}) converges in (gr_{νs−1} R)_{νs−1 (x)} to a limit x^{(1)}_1 , which we may lift to an element x^{(1)}_1 ∈ R̂_h. This element has the property that for all j ≥ 1, we have ν_{s−1}(x^{(1)}_1 ) = ν_{s−1}(x^{(j)}) and ν_{s−1}(x − x^{(1)}_1 ) > ν_{s−1}(x − x^{(j)}). Replacing now x by x − x^{(1)}_1 , and so on, we build a sequence of elements x^{(k)}_1 ∈ R_h such that ν_{s−1}(x − x^{(k)}_1 ) increases at each step. We may now repeat the whole process, replacing the sequence x^{(j)} by x^{(k)}_1 ; s is replaced by s − 1 and ultimately we are reduced to the case where s = 1, where as we have seen, the problem is solved by the nœtherianity of R̂^ν. This proves the Proposition. ⟲

Recall from subsection 2.4 that we have a graded isomorphism

gr_{νA} A_ν (R) → (gr_ν R) ⊗_R R[v^{Φ+} ].

If we take a system of generators ξ_i of the R-algebra gr_ν R, we obtain generators υ_i = ξ_i ⊗ 1 of the R[v^{Φ+} ]-algebra gr_{νA} A_ν (R) = gr_{ν̂A} ^A_ν (R)^{νA} and we can lift them to elements υ_i ∈ A_ν (R) ⊂ ^A_ν (R)^{νA} .

Note that according to Proposition 2.5, each element υ_i is of the form ξ_iv^{−ν(ξi )} where ξ_i ∈ R has initial form ξ_i.

Let us begin by assuming that R is local and that the residual extension k → R/m is trivial. Then we may consider the morphism of k[v^{Φ+} ]-algebras

k[v^{Φ+} ][(u_i)_{i∈I} ] → A_ν (R)

determined by u_i → υ_i = ξ_iv^{−ν(ξi)}. We can consider the completion-in-scale of k[v^{Φ+} ][(u_i)_{i∈I} ] defined as follows: define, with the notations introduced above, the sequence of rings

Ŝ_1 = k[v^Φ+ ][(u_i)_{i∈I1} ]^{^ ν̃}1 , . . . , Ŝ_k = Ŝ_{k−1}[(u_i)_{i∈Ik} ]^{^ν̃}k , . . . , Ŝ_h = Ŝ_{h−1}[(u_i)_{i∈Ih} ]^{^ ν̃}h

where ν̃_k is the monomial valuation on Ŝ_{k−1}[(u_i)_{i∈Ik} ] whose values lie in Ψ_{h−k} /Ψ_{h−k+1} defined by ν̃_k( ∑ a_αu^α) = min(ν̃_k(ξ^α)), and where the hat means the completion.

Definition. We can inductively define a valuation υ̃ on Ŝ_h as follows: it is trivial on k[v^{Φ+} ] and, assuming that it has been defined on Ŝ_{k−1}, for an element ∑ a_αu^α ∈ Ŝ_k we set υ̃( ∑ a_αu^α) = min_α{υ̃(a_α) + ν(ξ_α)},

which is well defined because the semigroup Γ = ν(R \ {0}) is well ordered. It extends the monomial valuation on the polynomial ring with the (u_i)_{i∈I} as system of generators and υ̃(u_i) = ξ_i.

We will denote by ^ k[v^{Φ+} ][(u_i)_{i∈I} ] the ring Ŝ_h endowed with the topology determined by the υ̃-adic filtration, and call it the completion-in-scales of the ring k[v^{Φ+} ][(u_i)_{i∈I} ].

The map k[(u_i)_{i∈I} ] → R defined by u_i → ξ_iv^{−ν(ξi)} induces a map k[v^{Φ+} ][(u_i)_{i∈I} ] → A_ν (R); v^{−ϕ} → v^{−ϕ}, u_i → ξ_iv^{−ν(ξi )}, which in turn induces a surjective map of k[v^{Φ+} ]-algebras ^ k[v^{Φ+} ][(u_i)_{i∈I} ] −→ ^A_ν (R)^{νA} ,

where the first hat designates the completion-in-scales defined above. The surjectivity follows from Proposition 5.13 or rather from repeating its proof in this situation where k is replaced by k[v^{Φ+} ]. This map induces, modulo the closures of the ideals generated by (v^{Φ+} ), the surjective map ^ k[(U_i)_{i∈I} ] → ^gr_ν R

which extends to the completions the original map U_i → ξ_i. We can summarize this as follows

Proposition 5.14. * Let R be an analytically irreducible nœtherian equicharacteristic local ring with residue field k, and ν a rational valuation of R with value group Φ. Let (ξ_i)_{i∈I} be representatives in R of a system of homogeneous generators (ξ_i)_{i∈I} of the k-algebra gr_νR. Then R̂^ν admits a field of representatives k ⊂ R̂^ν and the application k[v^{Φ+} ][(u_i)_{i∈I} ] → A_{ν̂} (R̂^ν ) determined by the injection k[v^{Φ+} ] ⊂ A_{ν̂} (R̂^ν ) deduced from k ⊂ R̂^ν and the application u_i → ξ_iv^{−ν(ξi)} extends to a continuous surjective map of topological k[v^{Φ+} ]-algebras ^ k[v^{Φ+} ][(u_i)_{i∈I} ] → ^A_ν(R)^{νA} ,

which induces, modulo the closures in each ring of the ideal (v^{Φ+} ), the map ^ k[(U_i)_{i∈I} ] → ^gr_νR.∗ (I write capital U ’s for the initial forms of the u’s and υ(u) for the ν_Avaluation of the image of u in ^A_ν (R)^{νA} ).

The kernel of this last map is the closure in ^k[(U_i)_{i∈I} ] of the binomial ideal (U^n − λ_{mn}U^m)k[(U_i)_{i∈I} ] defining gr_ν R; it is the ideal consisting of possibly infinite sums ∑ m,n A_{m,n}(U )(U^n − λ_{mn}U^m) ∈ ^k[(U_i)_{i∈I} ], with A_{m,n}(U ) ∈ ^k[(U_i)_{i∈I} ]. Using the fact that A_ν (R) is a flat k[v^{Φ+} ]-algebra, one can show

Proposition 5.15. * There exist elements of the form

F_{mn} = u^n − λ_{mn}u^m + ∑ p c^{(mn)}_p (v^ϕ)u^p ∈ ^ k[v^{Φ+} ][(u_i)_{i∈I} ],

with, for all p appearing in F_{mn}, υ(u^p) > υ(u^n) = υ(u^m) and c^{(mn)}_p a term (=constant times a monomial) in the v^ϕ, and such that the closure in ^k[v^{Φ+} ][(u_i)_{i∈I} ] of the ideal generated by the F_{mn} is the kernel of the surjection ^ k[v^{Φ+} ][(u_i)_{i∈I} ] → ^A_ν (R)^{νA} .∗

By the remark following Proposition 2.2, and with its notations, after replacing R by R̂^ν, the k[v^{Φ+} ]-algebra B(S), which is the image of the map of k[v^{Φ+} ]-algebras k[v^{Φ+} ][(u_i)_{i∈I} ] → A_ν (R), u_i → ξ_iv^{−ν(ξi)} is faithfully flat. It follows that, denoting by J the kernel of this map, we can lift the generators U^m −λ_{mn}U^n of the kernel of the map k[(U_i)_{i∈I} ] → gr_ν R to elements F_{mn} ∈ k[v^{Φ+} ][(u_i)_{i∈I} ] generating an ideal J^′ ⊆ J such that J ⊆ J^′ + (v^{Φ+} ).J. The equality (v^{Φ+} ) ∩ J = (v^{Φ+} ).J holds by flatness since it is equivalent to

Tor^{k[vΦ+ ][(ui)i∈I ]}

1 (k[v^{Φ+} ][(u_i)_{i∈I} ]/(v^{Φ+} ), k[v^{Φ+} ][(u_i)_{i∈I} ]/J) = 0.

It means that we can write in A_ν (R) generators of J which begin with u^m − λ_{mn}u^n + ∑ i v^{ϕi} A_i(u^{mi} − λ_mi_ni u^{ni} + · · · ).

Now we observe that since this sum must give zero in ^A_ν (R)^{νA} , the υ-valuation of ∑ i v^{ϕi} A_i(u^{mi} −λ_mi_ni u^{ni} +· · · ) must be greater than that of u^m. Following through the process of completion in scales, one sees that the closure in ^k[v^{Φ+} ][(u_i)_{i∈I} ] of the ideal J^′ is the kernel of the surjection ^ k[v^{Φ+} ][(u_i)_{i∈I} ] → ^A_ν(R)^{νA} .

Corollary. Given a valuation ν_0 of R, and a rational specialization ν of ν_0, let c be a character of Φ i.e., an homomorphism c : Φ → k^∗; replacing v^ϕ by c(ϕ) gives a continuous surjection ĉ: ^ k[(u_i)_{i∈I} ] → R̂^ν = R̂^{ν0} ,

where the first hat means completion in scales. The kernel of this map is the closure of the ideal generated by the elements

c(F_{mn}) = u^n − λ_{mn}u^m + ∑ p c^{(mn)}_p (c(ϕ))u^p. In particular, we may take c(ϕ) = 1 ∀ϕ ∈ Φ.

This may be thought of as a valuative analogue of Cohen’s theorem stating that every complete equicharacteristic nœtherian local ring is a quotient of a power series ring in finitely many variables over its residue field. The advantage here is that, when the residue field is algebraically closed, we know that the kernel of the map is generated, up to closure, by deformations of binomials. One may summarize a part of my approach by saying that the elements ξ_i ∈ R̂^ν representing generators ξ_i of the k-algebra gr_ν R form a system of (topological) generators of the maximal ideal of R̂^ν in which the valuation ν̂ is monomial in the sense of subsection 3.7. The generators c(F_{mn}) may be thought of as an infinite standard, or Gröbner, basis for the kernel of the map ^k[(u_i)_{i∈I} ] → R̂^ν with respect to the filtration induced by the valuations of the images of the elements u_i.

Problem. Is it possible that the completion R̂^ν of a nœtherian analytically irreducible equicharacteristic local ring R should always be excellent, just because it is a nœtherian quotient of the generalized power series ring ^k[(u_i)_{i∈I} ]?

5.4 An example: complex plane branches

Example. Let R be the analytic algebra of a complex analytic plane branch (i.e., germ of analytically irreducible curve) (X, 0); then it is dominated by only one valuation, the t-adic valuation ν induced by the injection R ⊂ C{t} of R into its normalization, and the valuation ring is C{t}. Let Γ = ν(R \ {0}) ⊂ N be the semigroup of values of ν on R; it has g + 1 generators (β_0, . . . , β_g ) and if we choose for each 0 ≤ i ≤ g an element ξ_i(t) ∈ R with valuation β_i, then the completion Â(R) of A(R) with respect to the (t)-adic valuation (our ν_A) (resp. the analyticization A(R)^{an} of A(R)) is isomorphic to the (t)-adic completion Â (resp. the analyticization) of the sub C[v]-algebra of R[v, v^{−1}] generated by the elements ξ_i(t)v^{−βi} . This follows from ([T1]) and what we have seen above. Anyway, this is the algebra of a family M , parametrized by v, of branches, each fiber M (v) for v ≠ 0 being isomorphic to the branch (X, 0), and the special fiber being isomorphic to the monomial curve described parametrically by u_i = t^{βi} ; 0 ≤ i ≤ g. There is a natural map which resolves its singularities; it is the map A^{an} → C{v, t^′} given by ξ_i(t)v^{−βi} → ξ_i(vt^′)v^{−βi} . Indeed, the natural resolution of singularities for SpecA(R) is SpecA(C{t}). This last ring is a genuine Rees algebra for the ideal (t) in C{t} A(C{t}) = C{t}[v] ⨁ ⊕_{n∈N}(t)^nv^{−n}, and its analytization maps isomorphically to C{v, t^′} by v → v, t → vt^′. This shows that the parametric specialization described in ([T1], 1.10, p. 167) and ([G-T], §3) coincides with the specialization given by the valuation algebra. It was shown in [T1] that the binomial equations u^{ni}_i − u^{ℓ(i)0}_0 . . . u^ℓ (i) i−1 i−1 = 0 , 1 ≤ i ≤ g defining the monomial curve in C^{g+1} extend to equations defining the family M in C × C^{g+1}, which are of the form

u^{n1}_1 − u^{ℓ(1)0}_0 + b_2vu_2 + v ∑ w(p)>n_1β_1 c (1) p (v)u^p = 0

u^{n2}_2 − u^{ℓ(2)0}_0 u^{ℓ(2)1}_1 + b_3vu_3 + v ∑ w(p)>n_2β_2 c (2) p (v)u^p = 0 . . . . u^{ng−1}_{g−1} − u^{ℓ(g−1)0}_0 · · · u^ℓ (g−1) g−2 g−2 + b_gvu_g + v ∑ w(p)>n_{g−1}β_{g−1} c (g−1) p (v)u^p = 0 u^{ng}g − u^{ℓ(g)0}_0 · · · u^ℓ (g) g−1 g−1 = 0

where the c^{(j)}p (v) are in (v)C{v}, w(p) = ∑_g 0 β_jp_j is the weight of the monomial u^p with respect to the weight vector w = (β_0, . . . , β_g), and with all b_j ≠ 0 in C, which corresponds to the fact that our branch is plane. The other u^p appearing in the j-th equation are different from u_{j+1}. Note that since n_iβ_i < β_{i+1} (see [T1]), we add to each binomial only terms of higher weight, one of which is linear.

We see that we have a surjective map π : C{v}[[u_o, . . . , u_g]] → Â(R), and its kernel is generated by the equations just written, which illustrates Proposition 5.15.

It was shown in [G-T] that the toric map π : Z → C^{g+1} resolving the monomial curve gives extends a toric map Id_C × π : C × Z → C × C^{g+1} inducing a resolution of M which is a strong simultaneous embedded resolution along C × {0}. In this example, the valuation ν̃ of subsection 3.2 has values in the group Z ⊕ Z ordered lexicographically, with the values ν̃(v) = (1, 0), ν̃(t) = (1, 1), this last value corresponding to ν̃(t^′) = (0, 1) on C{v, t^′}, and so to the natural rank two valuation on this last ring.

6 Toric modifications

In this section, I begin to show how to uniformize, by a combinatorial process, the valuation ν_{gr} on gr_ν R when ν is a rational valuation of the nœtherian local ring R. In fact I show how to resolve singularities of an irreducible variety defined by a binomial ideal in finite-dimensional space. As far as I know, existing literature deals only with toric varieties associated to fans, which are in particular normal.

6.1 The graded algebra of a rational valuation is essentially toric

Proposition 6.1. Assume that a valuation ring R_ν birationally dominates a local ring R and that the residual extension k_R = R/m → R_ν/m_ν = k_ν is trivial. Then each homogeneous component of the graded k_R-algebra gr_νR is a vector space of dimension ≤ 1 over k_R.

Proof. Indeed, by definition of the ideals P_ϕ(R), we have the graded inclusion

gr_ν R ⊂ gr_ν R_ν

of k_R-algebras and the result is true for the second algebra since the initial forms of two elements of R_ν with the same valuation differ by a factor which is the initial form of a unit, i.e., an element of k^∗_ν ; each homogeneous component of gr_νR_ν is a k_ν -vector space of dimension one. ⟲

From Proposition 6.1 above follows by a direct generalization of a result of Korkina ([Ko], see also [E-S]).

Proposition 6.2. In the situation of Proposition 6.1, assuming that r(ν) is finite, the graded k_R-algebra gr_ν R is the quotient of a polynomial ring in countably many indeterminates k_R[(U_j )_{j∈J} ] by a binomial ideal.

Proof. By assumption, Φ is of finite rational rank, and therefore countable. Let (ξ_j)_{j∈J} be countable system of nonzero homogeneous generators for the k_R algebra gr_ν R (note that the number of these generators may be finite); consider the kernel K of the surjective homomorphism

k_R[(U_j)_{j∈J} ] → gr_νR

determined by U_j → ξ_j . It is a homogeneous ideal for the Φ_+-grading giving to each U_j the degree of ξ_j . Let P = ∑ c_mU^m be a homogeneous generator of K, say of degree ϕ. All the monomials occurring in P have their images in the one dimensional k-vector space (gr_ν R)_ϕ and the sum of these images is zero. By induction on the number of monomials of P , we see that P is a sum of binomial terms c_{m,m}′ (U^m − λ_{m,m}′ U^{m′} ) with c_{m,m}′ , λ_{m,m}′ ∈ k. The ideal K is generated by binomials of the form U^m − λ_{m,m}′ U^{m′} and there is one such for each (m, m^′) such that u^m and u^{m′} have the same degree. Moreover, all the λ_{m,m}′ are ≠ 0. ⟲

Corollary. For any valuation ring R_ν with countable value group, the graded algebra gr_νR_ν is a quotient of a polynomial algebra in countably many variables over k_ν = R_ν/m_ν by a binomial ideal.

Remark. This corollary is used in the proof of Proposition 4.3, but does not tell us anything precise about the form of the binomial equations.

Assume now that R is nœtherian.

Let ν(R \ {0}) = Γ ⊂ Φ_+ be the semigroup of R. Since R is nœtherian, the semigroup Γ is well ordered (Proposition 3.8), and therefore we can build a countable system of generators

Γ = ⟨γ_1, γ_1, . . . , γ_j, . . . ⟩ with γ_j ∈ Φ_+ , γ_j < γ_{j+1},

where γ_1 is the smallest non zero element of Γ, ..., γ_j the smallest element of Γ not contained in the semigroup ⟨γ_1, γ_2, . . . , γ_{j−1}⟩ generated by the previous ones. Note that in the plane branch case, the generators are denoted by β_i to underline their kinship with Puiseux exponents, according to a tradition initiated by Zariski; we followed that tradition in [G-T] and in the example treated above. Anyway, to this situation is associated the map of groups

Z^N → Φ determined by ∑ λ_j e_j → ∑ λ_j γ_j , where e_j is the j-th base vector, such that the image of (Z_{≥0})^N is Γ. It defines a map of k_ν-algebras

k_ν [(U_j)_{j∈J} ] → k_ν [t^{Φ+} ] determined by U_j → t^{γj} .

The image of this map is the semigroup algebra k_ν[t^Γ] ⊂ k_ν[t^{Φ+} ], and its kernel is the binomial ideal obtained from that of of Proposition 6.2 by setting all λ_{m,m}′ equal to 1.

Remark. We note that by definition of the γ_i, none of the binomial equations is of the form U_i − λ_iU^{m(i)} = 0.

Proposition 6.3. Let Λ denote the multiplicative subset of k_ν[(Λ_{m,m}′ )_{(m,m}′_)] generated by the Λ_{m,m}′ . The natural map of k_ν-algebras

Λ^{−1}k_ν [(Λ_{m,m}′ )_{(m,m}′_)] → Λ^{−1}k_ν[(Λ_{m,m}′ )_{(m,m}′_)][(U_j)_{j∈J} ]/(U^m − Λ_{m,m}′ U^{m′} )_{(m,m}′_)

is faithfully flat and corresponds to a flat family of schemes having one fiber equal to Speck_ν [t^Γ] and another to Specgr_ν R.

Indeed, if the second algebra is graded by giving to U_j the degree γ_j , then by definition of the binomial relations, each of its homogeneous components becomes a free module of rank one over Λ^{−1}k_ν[(Λ_{m,m}′ )_{(m,m}′_)].

*Moreover, this family parametrized by the Λ_{m,n} has simultaneous resolution in any reasonable sense; it is locally analytically trivial.* We shall see below that it has simultaneous embedded resolution by a toric map.

6.2 An example

Assume now that k = k_R is algebraically closed and that ν is a valuation of rank d = dimR dominating R. By Abhyankar’s inequality, the extension k → k_ν is trivial, so we are in the situation of Proposition 6.2, and the ordered group Φ is isomorphic to Z^d with the lexicographic order (see the text before Proposition 3.8).

Then we can write

Γ = ⟨γ_1, γ_1, . . . , γ_j, . . . ⟩ with γ_j ∈ Z^d_{≥0}.

The semigroup Γ is the image of N^N by a map

b : Z^N → Z^d

defined by sending the i-th basis vector to γ_i. This defines a map

k[(U_j )_{j∈J} ] → k[t^{±1}_1 , . . . , t^{±1}_d ] determined by U_j → t^{γj}

having k[t^Γ] for image. This describes Speck[t^Γ] as the closure of an orbit of the torus (k^∗)^d in the N -dimensional affine space A^N(k).

Note that since R and R_ν have the same field of fractions, the semigroup Γ generates Φ as a group; here it means that there is a finite index i_0 such that the finitely generated semigroup ⟨γ_0, . . . , γ_{i0} ⟩ generates Z^d as a group. Note also that we have a difficulty which does not appear when Φ = Z; the γ_j do not have all their coordinates positive, so that our orbit closure is not the image of a map A^d(k) → A^N(k), but it should be the image of a map W → A^N(k) where W is a toric modification of A^d(k).

By dualizing the map b, we obtain a map

w : Ž^d → Ž^N.

If the right-hand group was finite dimensional, say Ž^N , we would know how to resolve the singularities of k[t^Γ] by a single toric map, as is explained in the next section.

6.3 Embedded toric resolution of orbit closures and binomial ideals in finite dimensions

I describe here the resolution of singularities of torus orbit closures (in finite dimensions) as a generalization of what is done in [G-T] for monomial curves. I assume that the reader is aware of the basics of toric geometry, and especially of the fact that any fan can be refined to a regular simplicial fan, by iterated stellar subdivisions. I refer to David Cox’s notes in this volume and ([E], VI, No.8, p. 253), but I use the description of orbit closures given by Sturmfels in [St1], [St2]; see [Cox], §4. I keep the notations introduced above, so that our orbit closure is described by a map b : N^N → N^d, where N is finite, and therefore an exact sequence 0 → Kerb → Z^N → Z^d → Cokerb → 0;

Since any subgroup of a free abelian group is free we may assume that the vectors γ_1, . . . , γ_N generate Z^d i.e., Cokerb = 0. Choosing generators (m^ℓ − n^ℓ)_{ℓ∈L} for Kerb gives us an exact sequence

Z^{|L|} → Z^N → Z^d → 0 .

Note that the generators m^ℓ − n^ℓ are necessarily primitive vectors in Z^N , and we may choose them in such a way that m^ℓ and n^ℓ both have non-negative coordinates (see [St]). We assume from now on that they are chosen in this way. By dualizing, we obtain an exact sequence

0 → Ž^d → Ž^N → Ž^{|L|},

where the image of the i − th basis vector of Ž^d is the vector w^i = (γ_{1i}, γ_{2i}, . . . , γ_{Ni}). Choosing one of the m^ℓ − n^ℓ gives us an injective map Z → Z^N , and a surjective ŽN → Ž having kernel H_ℓ = {a ∈ ŽN | ⟨a, mℓ − nℓ⟩ = 0}. The intersection ⋂ ℓ∈L(H_ℓ ⊗_Z Q) is the Q-linear span W of the w^i.

By construction, we have < w^i, m^ℓ − n^ℓ >= 0 for i = 1, 2, . . . , d, and ℓ ∈ L, hence also < w, m^ℓ − n^ℓ >= 0 for ℓ ∈ L and all vectors w ∈ W . Conversely, W is the dual of the space generated by the m^ℓ − n^ℓ for ℓ ∈ L. The complement in Ř^N_+ of the union of the hyperplanes H_ℓ is a union of rational N -dimensional convex cones, and the union of hyperplanes itself is the reunion of rational convex cones of smaller dimensions. Note that H_ℓ meets the interior of Ř^N_+ since the coordinates of the m^ℓ − n^ℓ are not all of the same sign.

We can always find a regular fan Σ with support Ř^N_+ which is not only compatible with the w^i but also with the union of the hyperplanes H_ℓ in the sense that any σ ∈ Σ meets any one of the H_ℓ along one of its faces. Then, Σ is also compatible with the intersection W of the H_ℓ. We add to the w^i the primitive vectors of this fan which are contained in the convex cone generated by the w^i. Let us say that we obtain in this way vectors w^1, . . . , w^d, w^{d+1}, . . . , w^{d+s}. This corresponds to adding to the γ_j new vectors of the form;

γ_{N+t} = ∑ a^t_j γ_j with a^t_j ∈ N ∪ {0}.

Let (U^{mℓ} − U^{nℓ} )_{ℓ∈L} be the generators of the kernel of the map

k[b] : k[U_1, . . . , U_N ] → k[t_1, . . . , t_d] given by U_i → t^{γi} ,

where as usual U^m = U^{m1}_1 · · · U^{mN}_N . If we take a regular simplicial cone of maximum dimension σ = ⟨a^1, . . . , a^N ⟩ ∈ Σ, associated to Σ by definition of the toric map π(Σ) : Z(Σ) → A^N (k), in the affine chart U_σ ⊂ Z(Σ), with coordinates Y_1, . . . , Y_N , we have the following expression for π(Σ)|U_σ : U_σ → A^N (k) U_i → Y^{a1i}_1 · · · Y^{aNi}_N and so U^m → Y^{<a1 ,m>}_1 · · · Y^{<aN ,m>}_N . Let us compute the transform by this map of one of our binomial generators, denoted by U^m −U^n. We may assume that a^1, . . . , a^t are those among the a^j which lie on the hyperplane H dual to m − n, i.e., such that ⟨a^j , m − n⟩ = 0 , 1 ≤ j ≤ t. Because our fan is compatible with H, all the other ⟨a^j , m − n⟩ are of the same sign, say ⟨a^j , m − n⟩ > 0. We have then U^m − U^n → Y^{⟨a1,n⟩}_1 · · · Y^{⟨aN ,n⟩}_N (Y^{⟨at+1 ,m−n⟩} t+1 · · · Y^{⟨aN ,m−n⟩} N − 1). Compare with [Z1], Th. 2, p.863 and [S2]. This essentially means that in toric geometry, there is no need for Hironaka’s game; it is replaced by the existence of a fan compatible with the H_ℓ as above. Hironaka’s game comes into play when one wants to dominate our toric map by the composition of a sequence of blowing-ups with non singular centers.

The exceptional divisor of the map π(σ) is the union of the y_j = 0 for those j such that a^j is not a basis vector of Ž^N (see [G-T]). For simplicity we will assume that none of the a^j is a basis vector, so that the exceptional divisor is Y_1 . . . Y_N = 0. If t = 0, the strict transform Y^{⟨at+1 ,m−n⟩} t+1 · · · Y^{⟨aN ,m−n⟩} N − 1 = 0 does not meet the exceptional divisor; therefore the strict transform of U^m − U^n = 0 meets the exceptional divisor only in those charts U_σ for which at least one of the primitive vectors a^i is in H.

If the strict transform by π(Σ) of the subspace X ⊂ A^N (k) defined by the ideal (U^{mℓ} − U^{nℓ} )_{ℓ∈L} is to be non empty in the chart π(σ) : U_σ → A^N (k), there must be a j such that ⟨a^j, m^ℓ − n^ℓ⟩ = 0 for ℓ ∈ L, i.e., a^j ∈ W ; (this generalizes the result of [G-T], 5.2).

The space W̌ generated by the m^ℓ − n^ℓ is of dimension N − d; let us choose N − d vectors m − n generating W̌ , say m^1 − n^1, . . . , m^{N−d} − n^{N−d} . We now have to check that whenever the strict transform of the subspace of A^N (k) defined by U^{m1} − U^{n1} = · · · = U^{mN−d} − U^{nN−d} = 0 is not empty it is non singular and transverse to the exceptional divisor, and that the strict transforms of all the other U^{mℓ} − U^{nℓ} = 0 vanish on it.

The strict transforms of the equations have the form Y^{⟨a1 ,m1−n1⟩} 1 · · · Y^{⟨aN ,m1 −n1⟩} N − 1 = 0 Y^{⟨a1 ,m2−n2⟩} 1 · · · Y^{⟨aN ,m2 −n2⟩} N − 1 = 0 . . . . . . Y^{⟨a1 ,mN−d −nN−d ⟩} 1 · · · Y^{⟨aN ,mN−d −nN−d ⟩} N − 1 = 0

Note that this strict transform meets the component Y_j = 0 of the exceptional divisor if and only if a^j ∈ W ; let us renumber the a^j so that a^1, . . . , a^t are those who lie in W , i.e., ⟨a^i, m^s − n^s⟩ = 0 for 1 ≤ i ≤ t and all s, and assume t ≥ 1, otherwise the strict transform does not meet the chart U_σ . As in ([G-T], §4), we can compute the jacobian matrix J of these equations by logarithmic differentiation, and find the equality of N × (N − d) matrices Y_{t+1} . . . .Y_N J = Y ∑ s⟨a^{t+1},m^s −n^s⟩ t+1 . . . Y ∑ s⟨a^N ,m^s−n^s⟩ N (⟨a^j , m^s − n^s⟩). Since dimW = d, we must have t ≤ d; since the vectors a^j form a basis of Q^N , and the space W̌ generated by the m^s − n^s is of dimension N − d, the rank of the matrix (⟨a^j , m^s −n^s⟩) is N −d. So we see that the rank of J is N −d everywhere on the strict transform, and that this strict transform is transversal to the exceptional divisor. For any other m^ℓ − n^ℓ = ∑_{N−d} s=1 b^ℓ_s(m^s − n^s), we have: ⟨a^j , m^ℓ − n^ℓ⟩ = N−d∑ s=1 b^ℓ_s⟨a^j, m^s − n^s⟩, with b^ℓ_s ∈ Q. Now the signs of the nonzero ⟨a^j , m^ℓ − n^ℓ⟩for t + 1 ≤ j ≤ N are the same by our assumption and we see that the strict transform of U^{mℓ} − U^{nℓ} = 0 is of the form Y ∑ s ±b^ℓ_s⟨a^{t+1} ,m^s−n^s⟩ t+1 · · · Y ∑ s ±b^ℓ_k⟨a^N ,m^s−n^s⟩ N − 1. Using the irreducibility of our orbit closure X, and the fact that all our equations vanish at the point Y_{t+1} = · · · = Y_N = 1, we see that it vanishes whenever all the strict transforms of U^{mk} − U^{nk} , which are Y^{⟨at+1 ,ms−ns⟩} t+1 · · · Y^{⟨aN ,ms−ns⟩} N − 1, 1 ≤ k ≤ N − d, vanish. This shows that the strict transform of our orbit closure, in a chart as above where it is not empty, is defined by the N − d equations written above. The charts corresponding to regular cones σ ∈ Σ of dimension < N are open subsets of those which we have just studied, so they contribute nothing new. We also have to show that our toric map induces an isomorphism outside of the singular locus of our binomial variety, so that it induces a resolution and not only a pseudo-resolution in the sense of [G-T].

Proposition 6.4. * The singular locus of an irreducible and reduced binomial variety over a perfect field is the union of some of the intersections of this variety with the coordinate hyperplanes. The toric resolution can be chosen to be an isomorphism outside of the singular locus.*

Proof. Let d be the dimension of our binomial variety. An easy computation shows that the jacobian determinant J_{I,L}′ of rank c = N − d of the generators (u^{mℓ} − λ_mℓ_nℓ u^{nℓ} )_{ℓ∈L} of our prime binomial ideal P ⊂ k[u_1, . . . , u_N ] associated to I = (i_1, . . . , i_c) and a subset L^′ ⊆ L of cardinality c satisfies the congruence u_{i1} . . . u_{ic} .J_{I,L}′ ≡ ( Π_{ℓ∈L}′ u^{mℓ} )( Π_{ℓ∈L}′ λ^{eℓ}_{mℓ nℓ} ) Det_{I,L}′ ( (⟨m − n⟩) ) mod.P, where ( ⟨m − n⟩ ) is the matrix of the vectors (n^ℓ − n^ℓ)_{ℓ∈L}, Det_{I,L}′ indicates the minor in question, and the e_ℓ are exponents in Z. Since k is perfect, by Zariski’s jacobian criterion (see [Z 4]), the rank of the image of the jacobian matrix in k^{N×|L|} is equal to c. The only possibility for the intersection of our variety with u_i = 0 not to be in the singular locus is that all there exists such a minor such that all the m^ℓ_i for ℓ ∈ L^′ are zero except one, which is equal to one. In that case one sees that our binomial variety looks like the intersection with a hypersurface u_iu^{′r} − u^{′s} = 0 of a binomial variety defined by equations in u^′ = (u_1, . . . , û_i, . . . , u_N ), so that there is a toric resolution which is an isomorphism outside of the singular locus. This proves the result. ⟲

Example. Zariski’s jacobian criterion implies that the N −d-minors of the matrix ( ⟨m − n⟩ ) are coprime integers. In the case where d = 1 and the monomial curve corresponding to the semigroup Γ = ⟨β_0, . . . , β_g⟩ is a complete intersection, as in the example of subsection 5.4 the minors of the matrix coincide, up to sign, with the generators of the semigroup, and so they are coprime. This argument solves the minor difficulty mentionned at the end of §5 of [G-T].

Remember that a field of characteristic zero or an algebraically closed field of positive characteristic are perfect. Finally we have shown:

Proposition 6.5. An embedded resolution of the orbit closure X ⊂ A^N (k) corresponding to N vectors γ_j in Z^d, giving a map b : Z^N → Z^d, is obtained by taking the toric map π(Σ) : Z(Σ) → A^N (k) associated to a regular fan Σ with support ŘN_+ compatible with the hyperplanes in ŘN dual to a system of generators of Kerb.

Let us now suppose that we have an irreducible subspace of k^N defined by binomials U^{mℓ} − λ_mℓ_nℓ U^{nℓ} for ℓ ∈ L, where as usual U^m = U^{m1}_1 · · · U^{mN}_N and λ_{mn} is invertible in k. By ([E-S], Cor. 2.3), at least if our field k is algebraically closed, the subspace defined by the binomials obtained by changing each λ_{mn} to 1 is a torus orbit closure, and has an embedded resolution by a toric map π(Σ) : X(Σ) → A^N (k) as above. In one of the charts of X(Σ), the ideal (U^m −U^n) becomes the ideal generated (up to permutation of the coordinates) by Y^{e(mk,nk)}(Y^{⟨at+1 ,mk −nk⟩} t+1 · · · Y^{⟨aN ,mk −nk⟩} N − 1); 1 ≤ k ≤ N − d. The nature of the computation shows that we have: U^m − λ_{mn}U^n → Y^{e(m,n)}(Y^{⟨at+1,m−n⟩} t+1 · · · Y^{⟨aN ,m−n⟩} N − λ_{mn}). The relations between the λ_{mn} associated to linear relations between the m − n, of the form (with the notations used above) λ_mℓ_nℓ = Π^{N−d}_{k=1} λ^{bℓk}_{mknk} , are exactly what is needed to ensure that once we have chosen a system of generators m^k − n^k as above, the transforms of the remaining binomials U^m − λ_{mn}U^n will vanish on the strict transform defined by the equations Y^{⟨at+1 ,mk−nk⟩} t+1 · · · Y^{⟨aN ,mk−nk⟩} N − λ_mk_nk = 0 ; 1 ≤ k ≤ N − d, so that the subspace defined by our binomial ideal is also resolved by π(Σ). Keeping the notations just introduced, we see that we have proved

Proposition 6.6. Assuming that the field k is algebraically closed, let X ⊂ A^N (k) be an irreducible binomial variety, defined by (U^{mℓ} − λ_mℓ_nℓ U^{nℓ} )_{ℓ∈L}, λ_mℓ_nℓ ∈ k^∗. For any regular simplicial fan Σ with support R^N_+ compatible with each of the hyperplanes H_ℓ dual to m^ℓ − n^ℓ, the corresponding toric map Z(Σ) → A^N (k) gives an embedded resolution of X ⊂ k^N .

Remark. We could also try to generalize the argument of [G-T]: we seek a parametrization of our orbit closure, say with algebra k[t^Γ], where Γ is the sub-semigroup of Z^d generated by the vectors (γ_1, . . . , γ_N ). The algebra k[t^Γ] is given parametrically by U_1 = t^{γ11}_1 . . . t^{γ1d}_d . . = . . U_i = t^{γi1}_1 . . . t^{γid}_d . . = . . U_N = t^{γN1}_1 . . . t^{γNd}_d where the γ_{ij} need not be all positive, and we seek a toric modification described by a fan. Each cone of this fan should be generated by vectors (a^j ∈ Z^N ), and the corresponding toric map described by

U_1 = y^{a01}_0 y^{a1}_1 . . . y^{aN1}_N . . = . . U_i = y^{a0i}_0 y^{a1i}_1 . . . y^{aNi}_N . . = . . U_N = y^{a0N}_0 y^{a1N}_1 . . . y^{aN}_N Note that in order for this to make sense, if we let N tend to infinity, the following condition must be satisfied by the vectors a^k

∀ i ≥ 0, there exists k_0(i) such that a^k_i = 0 for k ≥ k_0(i).

We seek a parametrization of the “strict transform” of Speck[t^Γ] of the form y_i = t^{si1}_1 . . . t^{sid}_d such that if we substitute this parametrization in the expression of the y_k we get our original parametrization for Speck[v^Γ]. This means that we must have the equality γ = A.S where γ is the N × d matrix (γ_{ij} ), A is the N × N matrix (a_{ik} = a^k_i ), and S is the N × d matrix (s_{kj}). We may wish the a_{ik} to be non negative but allow the s_{ij} to be negative, or we may insist that the s_{ij} should be positive, and then must allow some negative a_{ik}. In this last case, the vectors (w^i ∈ N^N )_{1≤i≤N} with coordinates w^i = (γ_{1i}, γ_{2i}, . . . , γ_{Ni}) are in the convex hull of the a^j since they are written

w^i = ∑ k s_{ki}a^k and we must choose our fan so that this implies, as much as possible, that the w^i are among the a^j (see [G-T], 5.2).

However, the natural approach is to consider the map p : W → A^N (k) having our orbit closure as an image, mentionned above, and rewrite the map in terms of the coordinates on W . Then the corresponding a_{ik} will all be nonnegative, and our problem to build a toric modification is to find the a^k_i as the edges of a “regular ” fan, and such that the parametrization y_i = t^{si1}_1 . . . t^{sid}_d describes a non singular orbit closure. One way is that S contains a d×d identity matrix, up to permutation of lines or of columns, but it is by no means the only one. If we impose that the s_{ij} be non negative, that each of the d vectors w^i is in the convex cone generated by the a^k. Therefore if we choose a fan Σ in R^N_+ which is compatible with each vector w^i in the sense that if a cone σ ∈ Σ contains one of the w^i it must contain it in one of its edges (one-dimensional faces), we will have that each w^i must be one of the a^k. Indeed, each w^i must be an integral multiple of one of the a^k, but since γ_1 . . . , γ_N generates Z^d as a group, each of the vectors w^i must be primitive. They must also be distinct since a d × d minor of the matrix formed by the w^i is not zero.

This implies that the matrix s_{ij} contains, after permutation of the rows and columns, a d × d identity matrix, and zeros elsewhere so that the strict transform of our torus orbit by the toric map A^N (k) → A^N (k) defined by σ is parametrized by y_1 = t_1, . . . , y_d = t_d, y_{d+1} = 1, . . . , y_N = 1.

It is indeed non singular and transverse to the exceptional divisor of the toric map.

Of course, given the vectors γ_1, . . . , γ_N and therefore the w^i, these need not form part of a basis of the integral lattice, and we have to add new vectors to the w^i as above.

However, we note that this description starts with the assumption that the strict transform of our orbit closure is again an orbit closure of the orbit of the point (1, . . . , 1) for an action with non negative exponents in each chart, for which there is no ground when d > 1. This means that we must accept negative s_{ij} ’s and then the method we use above is simpler.

6.4 An example: branches revisited

Let R be a one-dimensional excellent equicharacteristic analytically irreducible local ring, i.e., the local ring of a branch. Let us assume that the residue field k of R is algebraically closed. The ring R has only one non trivial valuation, whose valuation ring is the integral closure R_ν of R in its field of fractions. Since R is excellent, R_ν is a finite R-module ([EGA], Scholie 7.8.3, vii)). Let Γ = ⟨γ_1, γ_2, . . . , γ_N ⟩ be the semigroup of values of ν on R \ {0}. Since k is algebraically closed, the valuation ν is rational, and the completion R̂^m of R is equal to R̂^ν and is a subring of k[[t]], the valuation ν̂ being induced by the t-adic valuation. Let us chose elements (ξ_i)_{1≤i≤N} in R such that ν(ξ_i) = γ_i. Their initial forms for the ν-adic valuation generate the graded ring

gr_ν R = k[t^{γ1} , . . . , t^{γN} ] ⊂ k[t] = gr_νR_ν.

By Proposition 5.14, the map u_i → ξ_iv^{−ν(ξi)} determines a surjective map k[v][[u_1, . . . , u_N ]] → ^A_ν (R) ⊂ k[v][[t]]. The kernel of this map is generated by polynomials

F_{mn} = u^m − u^n + ∑ c^{(mn)}_p (v)u^p which are deformations of binomial generators u^m − u^n of the kernel of the map k[u_1, . . . , u_N ] → k[t^{γ1} , . . . , t^{γN} ], u_i → t^{γi} Denoting by w = (γ_1, γ_2, . . . , γ_N ) ∈ N^N the weight vector, for each of these equations, we add to the binomial u^m −u^n only terms c^{(mn)}_p (v)u^p such that w(p) > w(m) = w(n). If now we choose a regular fan Σ in R^N_+ compatible with the dual hyperplanes of the vectors m−n, and so in particular with the vector w, we obtain a toric map π(Σ) : Z(Σ) → A^N (k)

which is a toric embedded resolution of the monomial curve C^Γ ⊂ A^N (k) according to what we saw in the previous section. The map Id_A1_{(k)} × π(Σ) : A^1(k) × Z(Σ) → A^1(k)×A^N (k) then induces an embedded resolution of singularities for the formal subspace defined in k[v][[u_1, . . . , u_N ]] by the ideal generated by the F_{mn}, which is a simultaneous resolution for all the fibers of the projection to A^1(k). This is checked exactly as in [G-T]. It implies that the map π(Σ) gives an embedded resolution of the singularities of the image of the formal completion of our curve embedded in A^N (k) by using the elements ξ_i ∈ R ⊂ R̂^ν as coordinates. Now since π(Σ) is a monomial map, it corresponds to adding to R̂^ν certain monomials in the ξ_i, with some negative exponents, and then localizing the R̂^ν -algebra which they generate. This operation has a meaning in R itself, and builds a local ring R^′ which is essentially of finite type over R and birationally equivalent to R. The local ring R^′ is excellent since R is, and its completion is regular since it is the transform of R̂^ν , so R^′ itself is regular.

6.5 Another example, in dimension three

Example. Let us give Z^2 the lexicographic order and denote by k((t^{Z2lex} )) the field of Puiseux series associated to the ordered group Z^2_{lex} and the field k as in [B2]; it is the field of formal series with exponents forming a well ordered subset of Z^2_{lex}. It is naturally endowed with the t-adic valuation. Let us denote by k[[t^{Z2+} ]] the corresponding valuation ring. Set x = t^{(1,0)}, y = t^{(0,1)}. Choose a sequence of pairs of positive integers (a_i, b_i)_{i≥3} such that a_{i+1} > a_i, the series ∑ i≥3 x^{ai} is not algebraic over k[x], and the sequence of ratios^{bi+1−bi}_{ai} increases strictly with i. Let R_0 be the k-subalgebra of k[[t^{Z2+} ]] generated by

x = t^{(1,0)}, y = t^{(0,1)}, z = ∑ i≥3 x^{ai} y^{−bi} .

There cannot be an algebraic relation between x, y, and z, so the ring R_0 = k[x, y, z] is the polynomial ring in three variables. It inherits the t-adic valuation of k[[t^{Z2+} ]]. One checks that this valuation extends to the localization R = k[x, y, z]_{(x,y,z)}; it is a rational valuation of height two and rational rank two.

Let us try to compute the semigroup Γ of the values that it takes on R. We have γ_1 = (0, 1), γ_2 = (1, 0), γ_3 = (a_3, −b_3) ∈ Γ. Set Γ_3 = ⟨γ_1, γ_2, γ_3⟩ and u_1 = x, u_2 = y, u_3 = z ∈ R. Then we have u^{b3}_2 u_3 − u^{a3}_1 = ∑ i≥4 u^{ai}_1 u^{b3−bi}_2 ∈ R, so that γ_4 = (a_4, b_3 − b_4) is in Γ. It is easy to see from our assumptions that no multiple of γ_4 is in Γ_3, and that is is the smallest element of Γ which is not in Γ_3. We set u_4 = u^{b3}_2 u_3 − u^{a3}_1 , and continue in the same manner: u^{b3−b4}_2 u_4 − u^{a4}_1 = u_5, ..., u^{bi−bi−1} 2 u_i − u^{ai}_1 = u_{i+1},... with the generators γ_i = ν(u_i) = (a_i, b_{i−1} − b_i) for i ≥ 4. Finally we have Γ = ⟨γ_1, γ_2, . . . , γ_i, . . . ⟩, the u_i are generators ξ_i lifting generators of the graded algebra gr_ν R, and the equations (setting b_2 = 0) u^{bi−bi−1} 2 u_i − u^{ai}_1 = u_{i+1}, i ≥ 3

above describe R̂^ν . In fact they even describe R; it is clear that from them we can reconstruct the value of u_3 as a function of u_1, u_2 by (infinite) elimination. The binomial equations for gr_ν R are the U^{bi−bi−1} 2 U_i − U^{ai}_1 = 0, i ≥ 3

showing that all the U_i for i ≥ 3 are rationally dependent on U_1, U_2. Using the remark following proposition 3.7, we see that the Krull dimension of gr_νR is two. The fact that R is regular of dimension three is due to the abyssal phenomenon that we met in the third example of subsection 4.2. Remark that in this example gr_ν R is not regular if a_3 > 1.

From our assumption on the growth of the ratios we see moreover that no multiple of γ_i is in Γ_{i−1} = ⟨γ_1, . . . , γ_{i−1}⟩. In fact γ_i is outside of the cone with vertex 0 generated by Γ_{i−1} in R^2.

It is interesting to study in this case the construction of a system of regular fans which will resolve the singularities of gr_ν R.

Problem. Can the fact that even for large i no multiple of γ_i is in Γ_{i−1} occur in dimension two? Hint: use [A2].

7 The proof (speculative sketch)

...and he will be too dazzled by the light to look at the objects whose shadows he was seeing a moment ago... Plato, The Republic, VII, 515

Assume that the local nœtherian excellent analytically irreducible local ring R has an algebraically closed residue field k.

Given a valuation ν_0 on the ring R, we may specialize ν_0 to a valuation ν whose ring R_ν dominates R with trivial residue field extension (see subsection 3.6, Proposition 3.11).

We first uniformize the valuation ν̂ on R̂^ν. In the last subsection we will sketch the descent from R̂^ν to R.

According to the first Corollary to Proposition 5.10, which ensures the nice behaviour of the specialization above with respect to composition of valuations, the same toric map will also simultaneously uniformize the valuations in the fibers of the total space of the specialization of R̂^{ν0} to ^gr_{ν0} R, which is the subspace of the preceding specialization defined by the closure of the ideal (v^ψ − 1)_{ψ∈Ψ+} , and hence also uniformize ν̂_0 on R̂^{ν0} = R̂^ν.

Since ν is rational, by Proposition 6.2, the graded algebra gr_ν R is a quotient of a polynomial ring by a binomial ideal. The ν-adic completion R̂^ν has a field of representatives k ⊂ R̂^ν which we take as our base field. According to Propositions 5.14 and 5.15, we have a surjective map ^ k[v^{Φ+} ][(u_i)_{i∈I} ] → ^A_ν(R)^{νA} ,

the kernel of which is the closure in ^k[v^{Φ+} ][(u_i)_{i∈I} ] of the ideal generated by the elements F_{mn} = u^n − λ_{mn}u^m + ∑ p c^{(mn)}_p (v^ϕ)u^p.

The idea for the proof is that if the k-algebra gr_ν R is finitely generated, say with N generators one can proceed essentially as in [G-T]: we have in this case dimR̂^ν = dimgr_νR = r(ν), and a toric map Z → A^N (k) which resolves Specgr_ν R will also uniformize ν̂ on R̂^ν . If gr_ν R is not finitely generated, we have to show that it suffices to resolve a finite approximation to gr_ν R, the subalgebra gr^{(h)}_ν R generated by the images of (U_1, . . . , U_{N(h)}) for sufficiently large h, where h is a level of approximation for gr_ν R_ν in the sense of Proposition 4.3. Here the key point is that for N sufficiently large, since Φ is of finite rational rank and R̂^ν is nœtherian and henselian, all the equations F_{mn} whose binomial initial form involves a variable U_j with j > N also involve u_{j+1} linearly, so that their only signification is to produce the abyssal phenomenon which we observed in the third example of subsection 4.2 and in subsection 6.5. This does not obstruct regularity, so that it is sufficient to resolve the singularities of the finitely generated approximating algebra.

7.1 The approximation process

sense we can resolve ν_{gr} by a single infinite dimensional toric modification of k[(U_i)_{i∈I} ], hence uniformize the completion ν̂_{gr} on ^gr_νR. This toric modification should then uniformize ν̂ on the completion R̂^ν .

Let us keep the notations of the preceding section; the variables U_i are ordered by their valuations γ_i ∈ Γ. Let us consider the nested sequence of polynomial algebras k[t^{(h)}] = k[t^{(h)}_1 , . . . , t^{(h)}_r ] approximating gr_νR_ν according to Proposition 4.3, b). Remember that r is the rational rank of the value group Φ of ν. For each integer h, there is a largest integer N (h) such that the images in gr_νR of the first N (h) variables (U_1, . . . , U_{N(h)}) are in k[t^{(h)}]. Let gr^{(h)}_ν R be the subalgebra of gr_ν R generated by the images of the first N (h) variables. The kernel of the map k[(U_i)_{1≤i≤N(h)}] → gr^{(h)}ν R is generated by a binomial ideal, and corresponds to a torus orbit closure in A^{N(h)}(k) characterized by the map ω(h) : Z^{N(h)} → Z^r sending the i-th base element to ν(ξ_i) ∈ Z^r . We apply the results of subsection 6.3 to this binomial ideal in finitely many variables, obtaining a regular fan in Ř^{N(h)}_+ . Going from h to h + 1, we have a commutative diagram Z^{N(h)} −−−−→ Z^r

Z^{N(h+1)} −−−−→ Z^r and after dualizing Žr −−−−→ ŽN(h+1) p^h Žr −−−−→ ŽN(h) Note that in the case of curves, r = 1 and the image of Ž in Ž^{N(h)} = Ž^N is the weight vector. Although no approximation is needed, we can illustrate the procedure by setting e_i = gcd(γ_1, . . . , γ_i) and considering the nested sequence of subalgebras k[t^{e1} ] ⊂ k[t^{e2} ] ⊂ · · · ⊂ k[t^{eN−1} ] ⊂ k[t]. The construction shown above then builds a sequence of vector spaces (R^i → R^{i−1})_{2≤i≤N} and a weight vector in each. In the case of plane branches, where the relations between the γ_i are particularly simple, this suggests a procedure to build inductively a fan compatible with the hyperplanes corresponding to these relations; see subsection 5.4 and [G-T].

For each h we take a fan Σ_h in Ř^{N(h)}_+ compatible with the hyperplanes dual to generators of the kernel of ω(h) and with the inverse image by p_h of Σ_{h−1} In this manner, letting h grow, we obtain a projective system of vector spaces indexed by the linearly ordered set I of generators of Γ, and a subordinate system of regular fans, which is what we would like to call a regular fan for the projective system of vector spaces.

We are led to the following

Definition of a possibly infinite dimensional fan:

Definition. Let P be a projective system of R-linear maps between finite-dimen-sional real vector spaces, indexed by a filtering ordered set I. P : ( (p_{i,j} : R^{n(i)} → R^{n(j)})_{i,j∈I,i>j} ) , where n(i) is an integer valued function. A fan Σ subordinate to P is the datum for each i ∈ I of a rational fan Σ_i in R^{n(i)} in such a way that for each i > j, the fan Σ_i is a refinement of p^{−1}_{i,j} (Σ_j).

We say that the fan is of finite type if there exists a finite subset F ⊂ I such that for i, j /∈ F , i > j, the image of Σ_i is equal to Σ_j , and if we denote by K_i ⊂ R^{n(i)} the kernel of p_{i,j}, the map σ → (p_{i,j}(σ), σ ∩ K_i) is a bijection from the set of cones in Σ_{n(i)} to the set of pairs consisting of a cone in Σ_j and one of the cones in Σ_{n(i)} whose image by p_{i,j} is 0. We say that Σ is simplicial (resp. regular) if all Σ_i are. We say that Σ is rational if there exists a finite subset F ⊂ I such that for i, j /∈ F , i > j, the map p_{i,j} sends a basis of the integral lattice of R^{n(i)} to part of a basis of the integral lattice of R^{n(j)}.

To such a system of fans is associated a system of toric maps π(Σ_i) : Z(Σ_i) → A^{n(i)}(k); if we have a simple system of surjective maps p_i : R^{n(i+1)} → R^{n(i)}, we get inclusions A^{n(i)}(k) ⊂ A^{n(i+1)}(k), so that we get a compatible system of toric maps of an increasing sequence of affine spaces, which we may call an infinite-dimensional toric map. I leave it to the reader to interpret geometrically the various conditions defined for the system of fans.

7.2 Computations in the semigroup and transforms of R̂^ν

Using the specialization of R̂^ν to ^gr_ν R, which we can write in a very explicit form (see 5.10) as the space associated to ^ k[v^{Φ+} ][(u_i)_{i∈I} ]/ ( u^n − λ_{mn}u^m + ∑ p c^{(mn)}p (v^ϕ)u^p ) ,

with υ(u^p) > υ(u^n) = υ(u^m). For any homomorphism c : Φ_+ → k^∗, say ϕ → c(ϕ), we have an isomorphism ĉ : ^ k[v^{Φ+} ][(u_i)_{i∈I} ]/ ( u^n − λ_{mn}u^m + ∑ p c^{(mn)}_p (v^ϕ)u^p, (v^ϕ − c(ϕ))_{ϕ∈Φ+} )_≃ −→ R̂^ν.

We will denote by c(F_{mn}) the series

c(F_{mn}) = u^n − λ_{mn}u^m + ∑ p c^{(mn)}_p (c(v^ϕ))u^p ∈ ^k[(u_i)_{i∈I} ]. Let us first assume that the k-algebra gr_νR is of finite type, generated say by (ξ_1, . . . , ξ_N ). In this case, using the fact that completion in scales is a succession of completions with respect to valuations of rank one, and that these preserve dimension, one can check that dimR̂^ν = r(Φ) = dimgr_ν R. Indeed this argument shows that we can apply the semi-continuity of the dimension of fibers to the map

Spec ^

A_{ν̂}(R̂^ν ) → Speck[v^{Φ+} ]

so that r(Φ) = dimgr_ν R ≥ dimR̂^ν. The converse inequality is Abhyankar’s inequality applied to R̂^ν . Let us keep the notations of the preceding subsection, with N = N (h) and the notations used in the proof of Proposition 6.6. We must compute the strict transforms of the equations F_{mn} under the toric map associated to a regular fan Σ as in 6.6. Let us denote by γ_i the degree of U_i (the valuation of ξ_i) for 1 ≤ i ≤ N ; by assumption it is in the free submonoid N^r ⊆ Φ_+ and we may consider the map

Z^N → Z^r, (n_1, . . . , n_N ) → N∑ i=1 n_iγ_i ∈ Z^r .

The image W ⊂ Ž^N of the dual map is the r-dimensional free submodule generated by the r elements w^j = (γ_{ij})_{1≤i≤N} ∈ Ž^N .

We want to show that if u^p has value greater than u^n, after a toric modification corresponding to a regular fan compatible with the hyperplanes defining W , the transform of u^n divides the transform of u^p.

By construction, the assumption means that ⟨w^j , p−n⟩ > 0 for 1 ≤ j ≤ r. Since the F_{mn} are polynomials, after refining our fan Σ to a regular fan Σ^′ without changing its intersection with W , we may assume that these inequalities imply for each cone σ = ⟨a^1, . . . , a^N ⟩ ∈ Σ such that σ ∩ W ≠ ∅ the inequalities ⟨a^k, p − n⟩ ≥ 0, 1 ≤ k ≤ N . These inequalities precisely mean that in the chart of Z(Σ) corresponding to σ, the transform of u^n divides the transform of u^p (compare with [Z1], Th.2, p. 863). We may assume without loss of generality that the intersection of σ with W is of dimension r, so that (a^1, . . . , a^r), say, are in W . Then in our monomial transformation u_i = y^{a1i}_1 . . . y^{aNi}_N , 1 ≤ i ≤ N, we find that the strict transform of F_{mn} is in that chart has the following expression, where I write y^{⟨a,m⟩} for y^{⟨a1 ,m⟩}_1 . . . y^{⟨aN ,m⟩}_N except when I want to single out some of the y_i’s F_{mn} ∘ π(σ) = y^{⟨a1 ,m⟩} 1 . . . y^{⟨ar ,m⟩}_r ( y^{⟨ar+1 ,n−m⟩} r+1 . . . y^{⟨aN ,n−m⟩} N − λ_{mn} + ∑ p c^{(mn)}_p (v^ϕ)y^{⟨a,p−m⟩} ) . It shows that the strict transform of R̂^ν is non singular, as a deformation of the strict transform of gr_ν R. Now the refinement of Σ to Σ^′ corresponds to a birational map Z(Σ^′) → Z(Σ) which induces an isomorphism outside the divisor Π^N_{j=r+1}u_j = 0, which the strict transform of our space does not meet, so that we may descend the result of simultaneous resolution from Z(Σ^′) to Z(Σ). This is the same process as in [G-T].

In the general case the first problem is to show that our valuation ν̂ on R̂^ν can be uniformized after a toric modification which is sufficiently far in the projective system, but occurs after finitely many steps.

The key fact now is that R̂^ν is nœtherian. The images by ĉ of the u_i generate the maximal ideal of R̂^ν, and therefore there exists a finite subset G ⊂ I, which we may assume to consist of {1, 2, . . . , q}, such that the images of (u_1, . . . , u_q) generate the maximal ideal of R̂^ν . This means that for j /∈ {1, 2, . . . , q}, we have a relation u_j − q∑ k=1 R_ku_k ∈ ( u^n − λ_{mn}u^m + ∑ p c^{(mn)}p (v^ϕ)u^p )

in ^ k[v^{Φ+} ][(u_i)_{i∈I} ],

and this implies that one of the equations u^n − λ_{mn}u^m + ∑ p c^{(mn)}_p (v^ϕ)u^p must contain u_j linearly (compare with example 5.4). Moreover, according to Remark 6.1, this u_j cannot appear in the binomial term of F_{mn}. By an adaptation of [B1], Chap. IV, using the fact that R̂^ν is henselian, we may solve this equation for u_j in R̂^ν. So finally, in order to uniformize the valuation ν̂ on R̂^ν it should suffice to resolve the singularities of a finite number of the equations F_{mn}, so that we may consider only finitely many elements of the projective system of toric blowing-ups. To check this, we must now compute the effect on R̂^ν of the toric modifications associated to our regular fan. Let Γ = ⟨γ_1, γ_2, . . . , γ_i, . . .⟩ ⊂ Φ_+ be the semigroup of the values taken on R\{0} or R̂^ν \{0} by the valuation ν (resp. ν̂). For each i ≥ 1, set Γ_i = ⟨γ_1, γ_2, . . . , γ_i⟩. There is a smallest integer p_0 such that the rational rank of the group generated by Γ_{p0} is equal to the rational rank of Φ. This means that for each i > p_0 we have an expression t_iγ_i = ∑ 1≤j≤p_0 s (i) j γ_j with s^{(i)}_j ∈ Z. However, it is much more convenient for us to have such an expression with non negative coefficients. We can state this as

Proposition 7.1. For each i > p_0 there is a relation with non negative integral coefficients t_iγ_i + ∑ 1≤k≤p_0 t^{(i)}_k γ_k = ∑ 1≤j≤p_0 s^{(i)}_j γ_j .

Moreover, each relation between the γ_j has a multiple which is equivalent, modulo these relations, to a relation between the γ_j , 1 ≤ j ≤ p_0.

Proof. we must check the second statement; let ∑ r n_rγ_r = ∑ p m_pγ_p be a relation with non negative coefficients. Let s be the largest index of a γ_i appearing in the relation, and assume it appears in the left side of the relation. If s > p_0, we have a relation t_sγ_s + ∑ 1≤k≤p_0 t (i) k γ_k ∈ Γ_{p0} and after multiplying the original relation by t_s and adding n_s( ∑ 1≤k≤p_0 t (i) k γ_k) to both sides, we can make γ_s disappear. ⟲

It is often convenient to remember only the fact that for j > p_0 some multiple of γ_j to which we add a sum of the form ∑ 1≤k≤p_0 t (j) k γ_k is in Γ_{j−1}; choosing the smallest such multiple, we will then write

n_jγ_j + ∑ 1≤k≤p_0 t^{(j)}_k γ_k = ∑ 1≤k≤j−1 ℓ^{(i)}_k γ_k

The coefficients of each such relation have no common divisor.

With the notations of subsection 7.1, let us choose h such that N (h) is greater than both the number q given by the nœtherianity of R̂^ν and p_0. Remark that among the binomial relations defining gr_νR we have, for j ≥ N = N (h)

(B_{j+1}) U^{nj}_j U^{t(j)1}_1 . . . U^t (j) p0 p_0 − λjU ℓ^{(j)}_1 1 . . . U^ℓ (j) j−1 j−1 = 0 in gr_ν R with λ_j ∈ k^∗.

Let us denote by B the binomial equations between (U_1, . . . , U_N ) which define, since N = N (h), the graded algebra gr^{(h)}ν R ⊂ gr_νR. Let L_0 be the lattice of exponents of B. By [E-S], since B is prime, for any j > N (h), the lattice L_0 is a direct factor of the lattice of exponents of the (U_i)_{1≤i≤j}. The ideal B in k[(U_i)_{i∈I} ] which defines gr_ν R contains the ideal B^′ generated by ( B, (B_{j+1})_{j≥N+1} ) . Proposition 7.2. * The ideals B and B^′ are equal.*

Proof. The basic facts are that B and B are prime ideals, and that the translation in terms of binomials the argument given above to show the second part of Proposition 7.1, shows that for U^m − λ_{mn}U^n ∈ B, there exist an integer t and a monomial U^q in (U_1, . . . , U_{p0} ) such that U^q(U^{tm} − λ^t_{mn}U^{tn}) ∈ B^′. Since B is a prime ideal, this implies that we have U^{tm} − λ^t_{mn}U^{tn} ∈ B^′. Now let us show that the lattice L^′ of exponents of B^′ is saturated in the sense of [E-S], which means that if for some integral point m we have dm ∈ L^′ for some integer d, then m ∈ L^′. To prove that L^′ is saturated, notice that it is obtained from L_0 by adding, one at a time, primitive vectors of the form m + pv where m is an integral point in the vector space generated by L_0 and v is a unit vector corresponding to the new variable u_i.

If for some integer d we have dm = m^′ + b(m + pv) with m^′ ∈ L_0, because L_0 is a direct factor and saturated ([E-S]), there is m_0 ∈ L_0 such that d(m − m_0) = b(m + pv); since m + pv is primitive, this implies m ∈ L_0 ⊕ Z(m + pv), which is therefore saturated. From this one deduces that L^′ is saturated, and again by the arguments of [E-S], that L^′ = L.

Note also that if there are two linear integral relations between γ_i and the (γ_j )_{1≤j≤N} , this saturation implies that they must be equivalent modulo the relations between the (γ_j )_{1≤j≤N} . ⟲

From now on, we take B^′ as system of generators for the kernel of the map

k[(U_i)_{i∈I} ] → gr_ν R.

Turning now to R̂^ν, we note that the result just proved gives us a natural ordering on the set of equations F_{mn} such that u_j appears in the initial binomial part, for j > N (h) ≥ N_0 = sup(q, p_0); they can be written (F_{j+1})_{j>N(h)}. Now we use the fact that u_j belongs in R̂^ν to the maximal ideal, generated by (u_1, . . . , u_N ). By the Proposition, any relation such that u_j appears for the first time in the initial (binomial) part is one of the relations

F_{j+1} = u^{nj}_j u^{t(j)1}_1 . . . u^{t(j)p0}_{p0} − λ_ju^{ℓ(j)1}_1 . . . u^ℓ (j) j−1 j−1 + ∑ p c^{(j)}_p (v^ϕ)u^p = 0,

with the condition that the weight of each u^p must be greater than the weight of u^{nj}_j u^{t(j)1}_1 . . . u^t (j) p0 p_0 , which is equal to that of u ℓ^{(j)}_1 1 . . . u^ℓ (j) j−1 j−1 , so that this relation is the last one where u_{j+1} can appear. By induction on j > N_0, using the fact that R̂^ν is henselian, we see that u_{j+1} must appear linearly in this relation, although it may appear also before. Argue as follows, with N = N (h) ≥ N_0; in the equations F_{mn} whose initial forms depends on (U_1, . . . , U_N ) only, we may eliminate by the henselian property of R̂^ν the variables u_k for k > N since we know that they can be expressed, thanks to the other equations, in terms of (u_1, . . . , u_N ). The first equation containing U_{N+1} in its initial form then must contain u_{N+2} linearly, since u_{N+2} must appear linearly somewhere and cannot appear in any of the other equations containing u_j, j > N + 1 in their initial form, since it may appear only in equations whose initial form is of υ-degree less than γ_{N+2}. To summarize

Proposition 7.3. *For j > N_0, the equation F_{j+1} must contain a term of the form c(v^ϕ)u_{j+1}, where c(v^ϕ) is a term in the v^ϕ and therefore does not vanish outside of the union of the hyperplanes (v^ϕ = 0)_{ϕ∈Φ+} ; equivalently, with the notations of subsection 5.2, Proposition 5.10, c(v^ϕ) is invertible in ^A_ν (R){(v^{Φ+} )^{−1}}.*

Keeping the notations introduced at the beginning of this subsection, we have:

Corollary. Let us denote by F the finite set consisting of those equations among the F_{mn} whose initial forms depend only on (U_1, . . . , U_N ), that is, belong to B. Given an homomorphism c : Φ → k^∗, the kernel of the map ĉ: ^ k[(u_i)_{i∈I} ] → R̂^ν is generated, up to closure, by the ideal ( c(F), c(F_{j+1})_{j≥N} ) .

This is a fundamental fact: all but finitely many of the equations defining R̂^ν serve only to express u_{j+1}, for j ≥ N_0, in terms of (u_1, . . . , u_j) and so ultimately in terms of (u_1, . . . , u_{N0} ).

Corollary. For j > N_0, we have the inequality

γ_{j+1} > n_j γ_j .

Corollary. *For each j > N_0, the image in R̂^ν of the element u_{j+1} can be written as a series in the images of (u_1, . . . , u_{N0} ); such a series, viewed in ^k[(u_i)_{i∈I} ], may be called a j-th approximate root for R̂^ν. It also has in R̂^ν an expression as a series in (u_1, . . . , u_j)

u_{j+1} = d_{j+1} ( u^{nj}_j u^{t(j)1}_1 . . . u^{t(j)p0}_{p0} − λ_j u^{ℓ(j)1}_1 . . . u^ℓ (j) j−1 j−1 + ∑ p d^{(j)}_p u^p ) ,

with d_{j+1} ∈ k^∗, obtained by solving for the (u_{j+1})_{j≥N0+1} the equations ( (c(F_k) = 0)_{k≥N0+1} ) .* Proof. This requires an infinite-dimensional implicit function theorem in the spirit of ([B1], Chap. IV) to use the fact that all the ∂_{uj+1} c(F_{j+1}) are invertible in ^ k[(u_i)_{i∈I} ]. ⟲

This suggests a way to generalizes the theory of approximate roots. From a valuation theoretic viewpoint the idea appears already in the “key polynomials” of MacLane (see [McL 1], [McL 2]), but in a different guise it was developped by Abhyankar-Moh, (see [A-M1], [A-M 2]), Cossart-Moreno (in preparation), Lejeune- Jalabert, (see [L]) (for curves, the idea being that of branches having “critical” contact with a given plane curve singularity), and by Spivakovsky (in [S1] for surfaces, and in [S2] for valuations of rank one).

Let us now consider the binomial ideal in k[u_1, . . . , u_N ] which is the kernel of the map to gr^{(h)}_ν R sending u_i to ξ_i. It is a prime ideal, so that it corresponds to a torus orbit closure since our residue field is algebraically closed ([E-S]). We apply to it Proposition 6.6, and obtain a regular fan Σ of R^N_+ compatible with the hyperplanes dual to the m − n where (U^m − λ_{mn}U^n)_{mn} is a system of generators of the binomial ideal. We may choose a simplex σ ∈ Σ whose intersection with the space of weights W ⊂ R^N_+ is of the largest possible dimension, that is, the rational rank r of Φ. This corresponds to a monomial map u_i → y^{a1i}_1 . . . y^{aNi}_N , 1 ≤ i ≤ N, which we may extend by setting u_k = y_k, k > N.

Now we compute the transforms of the equations of R̂^ν under this transformation. By construction, using the same argument as we used in the case where the graded algebra is finitely generated, the first equations F_{mn}, those whose initial forms involve only (U_1, . . . , U_N ), become y^{⟨a,m1 −n1⟩}(y^{⟨a,n1 ⟩} − λ_m1_n1 + · · · ) = 0 . . . . y^{⟨a,mt −nt⟩}(y^{⟨a,nt ⟩} − λ_mt_nt + · · · ) = 0, while the next ones become

u^{nN+1}_{N+1} y^{t(N+1)} − λ_{N+1}u^{ℓ(N+1)1}_1 . . . u^{ℓ(N+1)N}_N + · · · + c^{(N+1)}(v^ϕ)u_{N+2} + · · · = 0

u^{nN+2}_{N+2} y^{t(N+2)} − λ_{N+2}u^{ℓ(N+2)1}_1 . . . u^ℓ

(N+2) N+1 N+1 + · · · + c^{(N+2)}(v^ϕ)u_{N+3} + · · · = 0 . . . . u^{nN+k}_{N+k} y^{t(N+k)} − λ_{N+k} u^{ℓ(N+k)1}_1 . . . u^ℓ (N+k) N+k−1 N+k−1 + · · · + c (N+k)(vϕ)u N+k+1 + · · · = 0 . . . . where y^{t(N+k)} is a monomial which is the transform of the monomial in the variables (u_1, . . . , u_N ) which affected u_{N+k} in the original relations. Note that one can compute the valuations of the y_k from those of the u_j. Some of the y_k, say for k ∈ T , will have valuation zero, so that for k ∈ T there is a constant c_k ∈ k^∗_R such that y_k − c_k has positive valuation; the equations (y_k − c_k)_{k∈T} , (y_k)_{k /∈T} , (u_j)_{j>N} define the closed point which is the center of the valuation in the space obtained by the toric modification. By openness of transversality, if our toric map has resolved the gr^{(h)}_ν R, the first set of equations defines a regular ν-complete local ring at that point. By the nature of the equations, it will be the case for the whole set of equations and the strict transform of R̂^ν will be regular.

Remark. If one compares with the case where gr_ν R is finitely generated, as in the example of plane branches, one see that the effect of the “abyssal” phenomenon is also to send singularities away to infinity: if we stopped at any finite step, replacing u_{j+1} by 0 or a polynomial in (u_1, . . . , u_j) of higher weight than the binomial initial form, the new equation thus obtained from F_{j+1} would be singular. Note that there are at least r(ν) independent variables, and possibly more if dimR̂^ν > r(ν), because after substitution of the expression for the u_j , j > N , some of the equations may become identities.

At this point we have proved local uniformization by a finite dimensional toric map for the rational valuation ν̂ on R̂^ν. According to what we saw at the beginning of this section, the toric map will also uniformize the valuations ν̂_j with which ν is composed.

To deduce from this local uniformization for R, the fact that R is excellent is crucial. Since the elements ξ_i which we used to generate topologically the k-algebra

R̂^ν are in R, we may perform in R the trace of the toric modification described above; it consists in adding to R the monomials (with some negative exponents) in the ξ_i which are the y_i and localizing at the point specified by the values of the y_i. If we denote by R̂^{′ν} the transform of R̂^ν localized at the point picked by ν̂, this gives us a map R^′ → R̂^{′ν} where R^′ birationally dominates R and is contained in the valuation ring R_ν.

Proposition 7.4. * This map is the ν-adic completion of R^′.*

Let R̂^ν be the completion of a nœtherian analytically irreducible excellent local ring. We know by 5.1 that R̂^ν is a quotient of the completion R̂^p by an ideal H. As remarked by Spivakovsky (Proposition 5.7), the assumption that R is excellent implies that the localization (R̂^p)_H is regular. If we have equality in Abhyankar’s inequality, the map R̂^p → R̂^ν is an isomorphism and so is the map R̂′^{p′} → R̂′^ν . Let m^′ be the maximal ideal of R^′. By [EGA], Proposition 7.4.6, [B3],

Chap. III, §3, No.4, we know that, denoting by m̂^′ the maximal ideal m^′R̂^{′p} ′ of R̂′^{p′} , the m^′-adic completion R̂^′ of R^′ is isomorphic to the completion of the local

ring (R̂^{′p} ′ )_m′ . This last ring is regular because R̂^{′p} ′ is, so R̂^′ is regular, and since R^′ is excellent as a finitely generated R-algebra, it is regular. For the general case I use the method of Spivakovsky ([S 2],1997, Lemma 6.4). We are reduced to the case where R is such that R̂^p_H and R̂^p/H are both regular, the first one by excellence and the second one because we have uniformized ν̂ on R̂^ν. We want to show that we can make R̂^p (i.e., its strict transform) non singular by a toric modification defined in R. Then by excellence R itself will be made non singular. Let (w_1, . . . , w_n) be a system of generators of the maximal ideal m̂ of R̂^p, such that (w_1, . . . , w_q) form a minimal system of generators of H and (w_{q+1}, . . . , w_n) induce a regular system of parameters of R̂^p/H. Let h be the height of the prime ideal H. If h = q, then R̂^p is regular and we are done; since R is excellent, it has to be regular (see [EGA]). If h < q, there is a relation q∑ i=1 a_iw_i ∈ H^2, with the a_i not all in H.

If we consider the images ã_i in R̂^ν of the a_i, by refining the method shown here, we should be able to show that after a toric modification we can obtain that the ã_i with the smallest valuation, say ã_1, divides all the others. Then we can express w_1 = ∑_q j=2 β_j w_j mod. H^2 in R̂^p, and we have reduced q by one. After finitely many steps we reach the situation where q = h and we are done.

There will remain to translate the trace of the toric modification on the completion R̂ (or R̂^ν) into a finite sequence of blowing ups with non singular centers coming from R. But one can prove a torus-equivariant version of Gruson- Raynaud’s ([G-R]) and Hironaka’s ([H]) proper flattening theorem and use it to show that a toric modification is dominated by a sequence of toric blowing ups

(called monomial blowing ups in [S]). In fact a more general result is proved in [DC- P]; see also [O], Chap. 1, §1.7, p.39. We will also have to show that the centers of these blowing-ups are contained in the singular locus of SpecR, whereas all we know so far is that these centers are contained in the union of the coordinate hyperplanes (and their transforms), and that this union contains the singular locus of SpecR̂^ν (see Proposition 6.4).

A last example. An example where gr_ν R is finitely generated is obtained by taking the first example after Proposition 5.2. The completion R̂^ν is the ring of a branch, the associated graded ring is that of the corresponding monomial curve which may be desingularized as in subsections 5.4 and 6.4 by a toric map. The transform R^′ of R by this map has the property that it is a two-dimensional local ring with maximal ideal m^′ such that the maximal ideal of R̂^′ contains an element f^′ such that R̂^′/(f^′) is a regular one-dimensional local ring and (R̂^′)_{(f} ′_) is regular. So R̂^′ is regular and, since R^′ is excellent as an R-algebra essentially of finite type, so is R. Essentially the same argument will work whenever dimR̂^ν = 1, since once the singularity of this ring is resolved, we deal with a discrete valuation ring, where the argument to bring the number of generators of H down to its height presents no difficulty.

References

[A1] S.S. Abhyankar, Ramification theoretic methods in algebraic geometry, Princeton University Press, 1959.

[A2] S.S. Abhyankar, An algorithm on polynomials in one indeterminate with coefficients in a two dimensional regular local domain, Annali di Mat. Pura ed Appl., Ser. 4, 71 (1966), 25-60.

[A-M1] S.S. Abhyankar and T.T. Moh, Newton-Puiseux expansions and generalized Tschirnhausen transformation, I, J. Reine u. Angew. Math. 260 (1973), 47-83.

[A-M2] S.S. Abhyankar and T.T. Moh, Newton-Puiseux expansions and generalized Tschirnhausen transformation, II, J. Reine u. Angew. Math. 261 (1973), 29-54.

[B1] N. Bourbaki, Algèbre, Chap. IV-VII, Masson 1981.

[B2] N. Bourbaki, Algèbre commutative, Chap. VI, Exerc. 2,3 to §3, Masson 1985.

[B3] N. Bourbaki, Algèbre commutative, Chap. I-IX, Masson 1989 (Hermann for the English version of Chapters I-VII).

[B4] N. Bourbaki, Topologie générale, Chap I-IV. Comptoir Commercial du Livre Scientifique, 1971.

[C-G] A. Campillo, C. Galindo, On the graded algebra relative to a valuation, Manuscripta Math. 92 (1997), 173-189.

[Co] V. Cossart, Uniformisation et désingularisation des surfaces d’après Zariski, this volume.

[Cox] D. Cox, Toric varieties and toric resolutions, this volume.

[DC-P] C. De Concini and C. Procesi, Complete symmetric varieties, I, II, in Invariant Theory, Proceedings, 1982, (F. Gherardelli, Ed.), Springer 1983, and in Algebraic Groups and related topics, (R. Hotta, Ed.), Kinokuniya, Tokyo, and North Holland, Amsterdam, New York, 1985.

[E] G. Ewald, Combinatorial Convexity and Algebraic Geometry, Graduate Texts in Math. No. 168, Springer 1996.

[EGA] A. Grothendieck, (rédigé avec la collaboration de J. Dieudonné), Eléments de Géométrie algébrique, Chap. IV, deuxième partie, Publ. Math. IHES 24 (1965).

[Ei] D. Eisenbud, Commutative algebra with a view towards Algebraic Geometry, Graduate Texts in Math., Springer 1995.

[E-S] D. Eisenbud, B. Sturmfels, Binomial ideals, Duke Math. J. 84, I (1996), 1-45.

[G1] M. Gerstenhaber, On the deformations of rings and algebras, Ann. Maths.

79 (1964), 59-103.

[G2] M. Gerstenhaber, On the deformations of rings and algebras II, Ann.

Maths. 84 (1966), 1-19.

[G-R] L. Gruson and M. Raynaud, Critères de platitude et de projectivité, Invent.

Math. 13 (1971), 1-89.

[G-T] R. Goldin and B. Teissier, Resolving plane branch singularities with one toric morphism, this volume.

[H] H. Hironaka, Flattening theorem in complex-analytic geometry, Amer. J.

Math. 97 (1975), 503-547.

[K] F.-V. Kuhlmann, Valuation theory of fields, abelian groups and modules, to appear in the “Algebra, Logic and Applications” series (Gordon and Breach), eds. A. Macintyre and R. Göbel.

[Ka] I. Kaplansky, Maximal fields with valuations I, II, Duke Math. J. 9 (1942), 303-321, 12 (1945), 243-248.

[Ko] E. Korkina, Classification of A-graded algebras with 3 generators, Indag.

Math., New Series, 3 (1992), 27-40.

[L] M. Lejeune-Jalabert, Contribution à l’étude des singularités du point de vue du Polygone de Newton. Thèse, Université Paris 7, 1973.

[L-T] M. Lejeune-Jalabert and B. Teissier, Cloture intégrale des idéaux et équisingularité. Séminaire Lejeune-Teissier 1974, Publ. Institut Fourier, Grenoble.

[Ma] H. Matsumura, Commutative algebra, 2nd edition, Benjamin/Cummings 1980.

[McL 1] S. MacLane, A construction for prime ideals as absolute values of an algebraic field, Duke Math. J. 2 (1936), 492-510.

[McL 2] S. MacLane, A construction for absolute values in polynomial rings, Trans. Amer. Math. Soc. 40 (1936), 363-395.

[McL-S] S. MacLane and O.F.G. Schilling, Zero-dimensional branches of rank one on algebraic varieties, Ann. Math. 40 (1939), 507-520.

[Na] M. Nagata, Local rings, John Wiley 1962.

[O] T. Oda, Convex bodies and algebraic Geometry, Ergebnisse der Math. (3), 15, Springer 1989.

[P] O. Piltant, Graded algebras associated with a valuation, preprint Ecole Polytechnique 1994.

[R] D. Rees, a-transforms of local rings and a theorem on multiplicities, Proc.

Camb. Phil. Soc. 57 (1961), 8–17.

[Ri] P. Ribenboim, Théorie des valuations, Presses de l’Université de Montréal, 1964.

[Ro1] C. Rotthaus, Komplettierung semilokaler quasiausgezeichneter Ringe, Nagoya Math. J. 76 (1980), 173-180.

[Ro2] C. Rotthaus, Excellent rings, henselian rings and the approximation property, Rocky Mountain J. Math. 27 (1997), 317-334.

[S 1] M. Spivakovsky, Valuations in function fields of surfaces, Amer. J. Math.

112 (1990), 107-156.

[S 2] M. Spivakovsky, Resolution of singularities, preprint, Dept. of Math., University of Toronto, August 1994. New version, “local uniformization”, 1997.

[S 3] M. Spivakovsky, Valuations, the linear Artin approximation theorem, and convergence of formal functions, Proceedings of the second Spanish- Belgian Week on Algebra and Geometry, Santiago de Compostela, 1989, F. Gago and E. Villanueva, eds., Algebra Vol. 54 (1990), 237-254.

[St1] B. Sturmfels, The geometry of A-graded algebras, Preprint.

[St2] B. Sturmfels, Equations defining toric varieties, Proc. Symposia in Pure Math. Amer. Math. Soc. 62 (1997), 437-449.

[St3] B. Sturmfels, Gröbner Bases and Convex Polytopes, University Lecture Series Amer. Math. Soc., Vol. 8, 1996.

[T1] B. Teissier, Appendice, in Le problème des modules pour les branches planes by O. Zariski. Centre de Mathématiques de l’Ecole Polytechnique, 1975, republished by Hermann, Paris 1986.

[T2] B. Teissier, Three facts of valuation theory, Proc. Japan. Acad., Vol.

LXXIV, Ser. A, No. 7 Sept. 1998.

[V] M. Vaquié, Valuations, this volume.

[Z 1] O. Zariski, Local uniformization on algebraic varieties, Ann. Math. 41 (1940), 852-886. Reprinted in: Collected papers, Vol. I, MIT Press, 1972, 376-420.

[Z 2] O. Zariski, Foundation of a general theory of birational correspondences, Trans. Amer. Math. Soc. 53 (1943), 490-542. Reprinted in: Collected papers, Vol. I, MIT Press, 1972, 189-241.

[Z 3] O. Zariski, Reduction of the singularities of an algebraic surface, Ann.

Math. 40 (1939), 639-689. Reprinted in: Collected papers, Vol. I, MIT Press, 1972, 325-375.

[Z 4] O. Zariski, The concept of a simple point of an abstract algebraic variety, Trans. Amer. Math. Soc. 62 (1947), 1-52. Reprinted in: Collected papers, Vol. I, MIT Press, 1972, 253-304.

[Z-S] O. Zariski and P. Samuel, Commutative Algebra I, II, Van Nostrand 1958, 1960. Reprints: Graduate Texts in Mathematics, Vol. 28, 29. Springer 1975.

Dépt. Mathématique et Informatique Ecole Normale Supérieure Paris 45 Rue d’Ulm 75005 Paris, France teissier@dmi.ens.fr